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DEGREES 
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Abstract. We prove some results on the structure of certain classes of 
integral fusion categories and semisimple Hopf algebras under restric- 
tions on the set of its irreducible degrees. 



1. Introduction 

Let k be an algebraically closed field of characteristic zero. Let C be 
a fusion category over k. That is, C is a A;-linear semisimple rigid tensor 
category with finitely many isomorphism classes of simple objects, finite- 
dimensional spaces of morphisms, and such that the unit object 1 of C is 
simple. 

For example, if G is a finite group, then the categories Rep G of its finite 
dimensional representations, and the category C{G,uj) of G-graded vector 
spaces with associativity determined by the 3-cocycle uj, are fusion categories 
over k. More generally, if if is a finite dimensional semisimple quasi-Hopf 
algebra over k, then the category KepH of its finite dimensional represen- 
tations is a fusion category. 

Let Irr(C) denote the set of isomorphism classes of simple objects in the 
fusion category C. In analogy with the case of finite groups [12], we shall 
use the notation c. d.(C) to indicate the set 

c. d.(C) = {FPdimx| x € Irr(C)}. 

Here, FPdimx denotes the Frobenius- Perron dimension of x S Irr(C). No- 
tice that, when C is the representation category of a quasi-Hopf algebra, 
Frobenius-Perron dimensions coincide with the dimension of the underlying 
vector spaces. In this case, we shall use the notation c. d.(C) = c. d.{H). 

The positive real numbers FPdimx, x G Irr(C), will be called the irre- 
ducible degrees of C. 

The fusion categories that we shall consider in this paper are all integral, 
that is, the Frobenius-Perron dimensions of objects of C are (natural) inte- 
gers. By [71 Theorem 8.33], C is isomorphic to the category of representations 
of some finite dimensional semisimple quasi-Hopf algebra. 
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For a finite group G, the knowledge of the set c.d.(G) = c.d.{kG) gives 
in some cases substantial information about the structure of G. It is known, 
for instance, that if | c. d.(G)| < 3, then G is solvable. 

On the other hand, if |c. d.(G)| = 2, say c. d.(G) = {l,m}, m > 1, then 
either G has an abelian normal subgroup of index m or else G is nilpotent of 
class < 3. Furthermore, if G is nonabelian, then c. d.(G') = for some 

prime number p, if and only if G contains an abelian normal subgroup of 
index p or the center Z{G) has index p^. See [12^ Theorems (12.11), (12.14) 
and (12.15)]. 

In the context of semisimple Hopf algebras, some results in the same spirit 
are known. A basic one is that of [37], which asserts that if | c. (i.{H)\ < 3, 
then G{H*) is not trivial, in other words, H has nontrivial characters of 
degree 1. A similar result appears in [18^ Theorem 2.2.3]. 

Further results, leading to classification theorems in some specific cases, 
appear in the work of Izumi and Kosaki [13] for Kac algebras, that is, Hopf 
C*-algebras. 

In this paper we consider the general problem of understanding the struc- 
ture of a fusion category C after the knowledge of c. d.(C). For instance, it 
is well-known that c. d.(C) = {1} if and only if C is pointed, if and only if 
C ~ C{G,(jj), for some 3-cocycle w on the group G = G{C) of isomorphism 
classes of invertible objects of C. 

More specifically, we address the following question: 

Question 1.1. Suppose c. d.(C) = {l,p}, withp a prime number. What can 
be said about the structure ofC? 

We treat mostly structural questions regarding nilpotency and solvability, 
in the sense introduced in [TT] and [8]. (A related question for semisimple 
Hopf algebras, that we shall not discuss in the present paper, was posed in 
PH Question 7.2].) 

The notions of nilpotency and solvability of a fusion category are related 
to the corresponding notions for finite groups as follows: if G is a finite 
group, then the category RepG is nilpotent or solvable if and only if G 
is nilpotent or solvable, respectively. On the dual side, a pointed fusion 
category C{G,u}) is always nilpotent, while it is solvable if and only if the 
group G is solvable. 

An important class of fusion categories, called weakly group-theoretical 
fusion categories, was introduced and studied in [8]. This generalized in 
turn the notion of a group-theoretical fusion category of [7]. Roughly, C 
is group-theoretical if it is Morita equivalent to a pointed fusion category, 
and it is weakly group-theoretical if it is obtained from the trivial fusion 
category Vecfc, of finite dimensional vector spaces, by means of successive 
group extensions and equivariantizations. Every nilpotent or solvable fusion 
category is weakly group-theoretical. 
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With regard to Question II. !( consider for instance the case where C = 
HepH, for a semisimple Hopf algebra H. A result in this direction is known 
in the case p = 2. It is shown in [21 Corollary 6.6] that if i7 is a semisimple 
Hopf algebra such that c.d.{H) C {1,2}, then H is upper semisolvable. 
Moreover, H is necessarily cocommutative if G{H*) is of order 2. The proof 
of these results relies on a refinement of a theorem of Nichols and Richmond 
( |25t Theorem 11]) given in [2^, Theorem 1.1]. 

In the context of Kac algebras, it is shown in |13[ Theorem IX. 8 (iii)] 
that if c.(i.{H*) = {l,p} and in addition \G{H)\ = p, then if is a central 
abelian extension associated to an action of the cyclic group of order p on 
a nilpotent group. In the recent terminology introduced in [11], this result 
implies that such a Kac algebra is nilpotent. See Remark 14. 5[ 

The main results of this paper are summarized in the following theorem. 

Theorem 1.2. Let C be a fusion category over k. Then we have: 

(i) Suppose C is weakly group-theoretical and has odd- dimension. Then C 
is solvable. (Proposition \7.1\ ) 

Let p be a prime number. 

(ii) Suppose c.d.(C) C {l,p}. Then C is solvable in any of the following 
cases: 

• C is braided and odd- dimensional. ( Theorem \7.3\ ) 

• C = C{G,uj,Zp,a) (a group-theoretical fusion category \7]) and G{C) 
is of order p. ( Corollary \5.4\ ) 

• C is a near-group category [33j . ( Theorem \6.2l ) 

• C = Rep H, where H is a semisimple quasitriangular Hopf algebra 
and p = 2. (Theorem \6.12[ ) 

(iii) Let H be a semisimple Hopf algebra such that c. d.{H) C {l,p}. Then 
H* is nilpotent in any of the following cases: 

• \G{H*)\ =p and p divides \G{H)\. ( Proposition \4-8[ ) 

• \G{H*)\ =p and H is quasitriangular. (Proposition \4.9[ ) 

• H is of type (l,p;p, 1) as an algebra. (Proposition \4-12] ) 

(iv) Let H be a semisimple Hopf algebra such that c. d.{H) C {1, 2}. Then 
we have: 

• H is weakly group-theoretical, and furthermore, it is group-theoretical 
if H = Had ■ ( Theorem \6.4\ ) 

• The group G{H) is solvable. ( Corollary \6.{A ) 

(v) Let H be a semisimple Hopf algebra of type {l,p;p, 1) as an algebra. 
Then H is a twisting deformation of a group algebra kN , where N is a 
solvable group. 

The proof of part (i) of the theorem is a consequence of the Feit-Thompson 
Theorem [9] that asserts that every finite group of odd order is solvable. 

By [24j, Corollary 4.5], the semisimple Hopf algebras H in part (iii) of the 
theorem are lower semisolvable in the sense of [TTj . 
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The results on semisimple Hopf algebras H with c. d.{H) C {1, 2} rely on 
the results of the paper [2]. We also make strong use of several results of the 
papers [8], [H] and [10] on weakly group-theoretical, solvable and nilpotent 
fusion categories. 

The paper is organized as follows. In Section [2] we recall the main no- 
tions and results relevant to the problem we consider. In particular, several 
properties of group-theoretical fusion categories and Hopf algebra extensions 
are discussed here. The results on nilpotency are contained in Sections [3] 
and m The strategy in these sections consists in reducing the problem to 
considering Hopf algebra extensions. Sections [5l [6] and [7] are devoted to the 
solvability question in different situations. 

2. Preliminaries 

2.1. Fusion categories. A fusion category over A: is a /c-linear semisimple 
rigid tensor category C with finitely many isomorphism classes of simple ob- 
jects, finite-dimensional spaces of morphisms, and such that the unit object 
1 of C is simple. We refer the reader to [I, i7] for basic definitions and facts 
concerning fusion categories. In particular, if if is a semisimple (quasi-)Hopf 
algebra over k, then HepH is a fusion category. 

A fusion subcategory of a fusion category C is a full tensor subcategory 
C Q C such that if X € C is isomorphic to a direct summand of an object 
of C , then X G C . A fusion subcategory is necessarily rigid, so it is indeed 
a fusion category [Sj Corollary F.7 (i)]. 

A pointed fusion category is a fusion category where all simple objects are 
invertible. A pointed fusion category is equivalent to the category C{G,uj), 
of finite-dimensional G-graded vector spaces with associativity constraint 
determined by a cohomology class u G H^{G, k^), for some finite group G. 
In other words, C{G,uj) is the category of representations of the quasi-Hopf 
algebra k'^ , with associator uj E (A:*^)®^. 

The fusion subcategory generated by a collection X of objects of C is the 
smallest fusion subcategory containing X. 

If C is a fusion category, then the set of isomorphism classes of invertible 
objects of C forms a group, denoted G{C). The fusion subcategory generated 
by the invertible objects of C is a fusion subcategory, denoted Cpt; it is the 
maximal pointed subcategory of C. 

Let Irr(C) denote the set of isomorphism classes of simple objects in the 
fusion category C. The set Irr(C) is a basis over Z of the Grothendieck ring 

2.2. Irreducible degrees. For x € Irr(C), let FPdimx be its Frobenius- 
Perron dimension. The positive real numbers FPdimx, x G Irr(C) will be 
called the irreducible degrees of C. These extend to a ring homomorphism 
FPdim : Q{C) — >■ M. When C is the representation category of a quasi-Hopf 
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algebra, Frobenius-Perron dimensions coincide with the dimension of the 
underlying vector spaces. 

The set of irreducible degrees of C is defined as 

c. d.(C) = {FPdimx|x G Irr(C)}. 

The category C is called integral if c. d.(C) C N. 

If X is any object of C, then its class x in G{C) decomposes as x = 
J2yelrr{C) ^iy^^)y^ where m{y,x) = dimHom(y, X) is the multiplicity of Y 
in X, if Y is an object representing the class y S Irr(C). 

For all objects X,Y,Z € C, we have: 

(2.1) m{X, Y ®Z) = m(y*, Z X*) = m{Y, X ® Z*). 

Let X € Irr(C). The stabilizer of x under left multiplication by elements of 
G{C) in the Grothendieck ring will be denoted by G[x]. So that an invertible 
element g G G{C) belongs to G[x] if and only if gx = x. 

In view of (12. ip . for all x G Irr(C), we have 

G[x] = {ge G{C) : m{g,xx*) > 0} = {g e G{C) : m{g,xx*) = 1}. 
In particular, we have the following relation in G{C): 

XX* = g+ m{y,xx*)y. 

geG[x] FPdims/>l 

Remark 2.1. Notice that an object 5 G C is invertible if and only if FPdim g = 
1. 

Suppose that C is an integral fusion category with | c. d.(C)| = 2. That is, 
c. d.(C) = {1, d} for some integer d > 1. Then d divides the order of G[x] for 
all X G Irr((J) with FPdim x > 1. In particular, d divides the order of G{C), 
and thus G{C) / 1. 

Indeed, if x G Irr(C) with FPdim x = d, we have the relation: 

xx*= ^ 5+ ^ m{y,xx*)y. 
g&G[x] FPdim j/=d 

The claim follows by taking Frobenius-Perron dimensions. 

2.3. Semisimple Hopf algebras. Let H he a semisimple Hopf algebra 
over k. We next recall some of the terminology and conventions from |23] 
that will be used throughout this paper. 

As an algebra, H is isomorphic to a direct sum of full matrix algebras 

(2.2) H ~ e e[=iMrf^(A;)(">), 

where n = \G{H*)\. The Nichols- Zoeller theorem [26] implies that n divides 
both dim if and Uidj, for alH = 1, . . . , r. 
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If we have an isomorphism as in ()2.2p . we shall say that H is of type 
(1, n; di, ni; . . . ; dr,nr) as an algebra. If H* is of type (1, n; di, m; . . . ; dr,nr) 
as an algebra, we shall say that H is of type (1, n; di, ni; . . . ; dr, "r) cls a 
coalgebra. 

Let V be an //-module. The character of V is the element x = £ -f^* 
defined by x(^) = Trv(/i), for all h G H. For a character its degree is the 
integer degx = = dimF. The character xv is called irreducible if V is 
irreducible. 

The set lii{H) of irreducible characters of H spans a semisimple sub- 
algebra R{H) of H* , called the character algebra of H. It is isomorphic, 
under the map V — )■ xv-, to the extension of scalars k ®% t?(Repi/) of the 
Grothendieck ring of the category Repi/. In particular, there is an identi- 
fication Irr(//) ~ Irr(Repi/). 

Under this identification, all properties listed in Subsection 12.21 hold true 
for characters. 

In this context, we have G(Rep//) = G{H*). The stabilizer of x under 
left multiplication by elements in G{H*) will be denoted by G[x\- By the 
Nichols-Zoeller theorem [26], we have that |G'[x]| divides (degx)^- 

Following [12i Chapter 12], we shall denote c.d.{H) = c. d.(Rep//). So 
that. 



In particular, if H is of type (1, n; di, ni; . . . ; 'i-r) as an algebra, then 



There is a bijective correspondence between Hopf algebra quotients of H 
and standard subalgebras of R{H), that is, subalgebras spanned by irre- 
ducible characters of H. This correspondence assigns to the Hopf algebra 
quotient H ^ H its character algebra R{H) C R[H). See p5] . 




2.4. Group-theoretical categories. A group-theoretical fusion category 
is a fusion category Morita equivalent to a pointed fusion category C(G, w). 
Such a fusion category is equivalent to the category C(G, w, F, a) of kaF- 
bimodules in C(G, w), where G is a finite group, a; is a 3-cocycle on G, F C G 
is a subgroup and a € C^iF, k^) is a 2-cochain on F such that = da. A 
semisimple Hopf algebra H is called group-theoretical if the category Rep H 
is group-theoretical. 

Let C = C{G,uj, F,a) be a group-theoretical fusion category. Let also F 
be a subgroup of G, endowed with a 2-cocycle /3 € Z'^(T, k^), such that 

• The class a;|r is trivial; 



• The class a|i?nr/3 |Fnr is non-degenerate. 

Then there is an associated semisimple Hopf algebra H, such that the cat- 
egory Kep H is equivalent to C. By [ST], equivalence classes subgroups F of 



c.d.{H) = {degxix G lrv{H)}. 



C.d.{H) = {l,di,...,dr}. 




• G = FT; 



IRREDUCIBLE DEGREES OF FUSION CATEGORIES 



7 



G satisfying the conditions above, classify fiber functors C ^ Vecfc; these 
correspond to the distinct Hopf algebras H. 

Let C = C{G,uj, F,a) be a group-theoretical fusion category. The simple 
objects of C are classified by pairs {s, Us), where s runs over a set of repre- 
sentatives of the double cosets of F in G, that is, orbits of the action of F 
in the space F\G of left cosets of -F in G, Fg = F n sFs~^ is the stabilizer 
of s G F\G, and Us is an irreducible representation of the twisted group 
algebra k^^Fg, that is, an irreducible projective representation of Fs with 
respect to certain 2-cocycle as determined by co. See [lOj Theorem 5.1]. 

The irreducible representation Wi^s,Us) corresponding to such a pair (s, Us) 
has dimension 



As a consequence, we have: 

Corollary 2.2. The irreducible degrees of C{G, u, F, a) divide the order of 
F. 

Remark 2.3. A group-theoretical category C = C{G,uj,F,a) is an integral 
fusion category. An explicit construction of a quasi-Hopf algebra H such 
that Rep H C was given in [20] . 

As an algebra, H \s a. crossed product k^'^'^^^kF, where F\G is the 
space of left cosets of F in G with the natural action of F, and o" is a certain 
2-cocycle determined by u. 

Irreducible representations of H, that is, simple objects of C, can therefore 
be described using the results for group crossed products in [17]: this is done 
in [201 Proposition 5.5]. 

By [101 Theorem 5.2], the group G{C) of invertible objects of C fits into 
an exact sequence 



where K = {x £ Ng{F) : [a^] = 1}. 

2.5. Abelian extensions. Suppose that G = FT is an exact factorization 
of the finite group G, where T and F are subgroups of G. Equivalently, 
F and T form a matched pair of groups with the actions <l: F x i*" — >• F, 
>: T X F F, defined by sx = {x <] s){x [> s), x e F, s eV. 

Let a G Z'^{F,{k^)^) and r G Z'^{T,{k^)^) be normalized 2-cocycles 
with the respect to the actions afforded, respectively, by < and >, subject 
to appropriate compatibility conditions [15]. 

The bicrossed product H = k^ '^^^-kF associated to this data is a semisim- 
ple Hopf algebra. There is an abelian exact sequence 



(2.3) 



dimW^s,Us) = [F:Fs]dimU 



(2.4) 



1 ^ F ^ G{C) 



(2.5) 
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Moreover, every Hopf algebra fitting into such exact sequence can be de- 
scribed in this way. This gives a bijective correspondence between the equiv- 
alence classes of Hopf algebra extensions (|2.5p associated to the matched pair 
(-F, r) and a certain abelian group 

Remark 2.4. The Hopf algebra H is group theoretical. In fact, we have an 
equivalence of fusion categories Rep H ~ C{G,uj,F, 1) [191 4.2], where uj is 
the 3-cocycle on G coming from the so called Kac exact sequence. 

Irreducible representations of H are classified by pairs {s,Us), where s 
runs over a set of representatives of the orbits of the action of F in T, 
Fs = F n sFs~^ is the stabilizer of s € F, and Ug is an irreducible represen- 
tation of the twisted group algebra k^^^Fg, that is, an irreducible projective 
representation of Fg with cocycle ag, where as{x,y) = a{x,y){s), x,y £ F, 
s G r. See |14J. 

Note that, for all s G T, the restriction of as '■ F x F k^ to the stabilizer 
Fs defines indeed a 2-cocycle on Fs. 

The irreducible representation corresponding to such a pair {s,Us) is in 
this case of the form 

(2.6) W^s^Us)--=iT^d^r^kF.S(^Us. 

2.6. Quasitriangular Hopf algebras. Let H he a finite dimensional Hopf 
algebra. Recall that H is called quasitriangular if there exists an invertible 
element R £ H ® H , called an R-matrix, such that 

(A(g)id)(i?) =i?i3i?23, (e®id)(i?) = 1, 
(id®A)(i?) = R13R12, (id0e)(i?) = 1, 
A"°P(/i) = RA{h)R'\ V/i G H. 

The existence of an i?-matrix (also called a quasitriangular structure in 
what follows) amounts to the category HepH being a braided tensor cate- 
gory. See p]. 

For instance, the group algebra kG of a finite group G is a quasitriangular 
Hopf algebra with R = 1 ® 1. On the other hand, the dual Hopf algebra k^ 
admits a quasitriangular structure if and only if G is abelian. 

If it exists, a quasitriangular structure in a Hopf algebra H need not be 
unique. 

Another example of a quasitriangular Hopf algebra is the Drinfeld double 
D{H) of H, where H is any finite dimensional Hopf algebra. We have 
D(H) = H*'^°^®H as coalgebras, with a canonical i?-matrix TZ = h^^hi, 
where {hi)i is a basis of H and (/i*)j is the dual basis. 

As braided tensor categories. Rep D{H) = Z{Kep H) is isomorphic to the 
center of the tensor category Repi?. 
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Suppose {H, R) is a quasitriangular Hopf algebra. There are Hopf algebra 
maps fR : /7*"°p ^ H and /r^, : H* F°p defined by 

fRip)=piR^'W\ fRM=PiR^'W\ 

for all peH*, where R = R'-^^ ii^^) ^H(g)H. 

We shall denote fR{H*) = Hj^ and fR^^{H*) = H^, respectively. So that 
H^, i7_ are Hopf subalgebras of H and we have Hj^^ ~ (i?* )'^°p. 

We shall also denote by Hr = H^H^ = H^H^ the minimal quasitrian- 
gular Hopf subalgebra of H. See [29j. 

By \29l Theorem 2], the multiplication of H determines a surjective Hopf 
algebra map D(H^) — )• Hr. 

A quasitriangular Hopf algebra {H, R) is called factorizable if the map 
^R : H* — 7- is an isomorphism, where 

(2.7) ^r{p)=p{Q^^'^)Q^^\ P&H*; 

here, Q = Q^^) Q^^) ^ ^^li? e H H 

If on the other hand ^r = el (or equivalently, R21R = IfS"!), then {H,R) 
is called triangular. Finite dimensional triangular Hopf algebras were com- 
pletely classified in ji6j. In particular, if {H,R) is a semisimple quasitrian- 
gular Hopf algebra, then H is isomorphic, as a Hopf algebra, to a twisting 
{kCY of some finite group G. 

It is well-known that the Drinfeld double {D{H),1Z) is indeed a factoriz- 
able quasitriangular Hopf algebra. We have D{H)+ = H, D{H)^ = if*=°P. 

We shall use later on in this paper the following result about factorizable 
Hopf algebras. A categorical version is established in |llj . 

Theorem 2.5. [32^ Theorem 2.3]. Let (H, R) be a factorizable Hopf algebra. 
Then the map ^r induces an isomorphism of groups G{H*) G{H)r\Z{H). 

Note that we may identify G{D{H)) = G{H*) x G{H). Under this 
identification, Theorem 12.51 gives us a group isomorphism G{D{H)*) — > 
G{D{H)) n Z{D{H)), such that g#f ^ f#g. See also [29]. 

In particular, if / = e, then g € G{H) n Z(H), and also if g = 1, then 
/ G G{H*)nZ{H*). 

Suppose {H, R) is a finite dimensional quasitriangular Hopf algebra, and 
let D{H) be the Drinfeld double of H. Then there is a surjective Hopf 
algebra map / : D{H) H, such that (/ (8) f)TZ = R. The map / is 
determined by f{p h) = fR{p)h, for all p G H* , h & H. 

This corresponds to the canonical inclusion of the braided tensor category 
Repff (with braiding determined by the action of the i2-matrix) into its 
center. 

In particular, in the case where H is quasitriangular, the group G{H*) 
can be identified with a subgroup of G{D{H)*). 
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3. NiLPOTENCY 

Let G be a finite group. A G-grading of a fusion category C is a decom- 
position of C as a direct sum of full abelian subcategories C = (Bg^cCg-, such 
that C*g = Cg-i and the tensor product ® : C yi C ^ C maps Cg x Ch to Cgh- 
The neutral component Cg is thus a fusion subcategory of C. 

The grading is called faithful if Cg / 0, for all g £ G. In this case, C is 
called a G-extension of Ce [1]. 

The following proposition is a consequence of [111 Theorem 3.8]. 

Proposition 3.1. Let C = lUepH, where H is a semisimple Hopf algebra. 
Then a faithful G-grading on C corresponds to a central exact sequence of 
Hopf algebras k^k^^H^H^k, such that Rep H = Ce- 

Let C be a fusion category and let Cad be the adjoint subcategory of C. 
That is, Cad is the fusion subcategory of C generated hy X ® X* , where X 
runs through the simple objects of C. 

It is shown in [11] that there is a canonical faithful grading on C: C = 
®g&U{C)^g-: called the universal grading., such that Cg = Cad- The group {7(C) 
is called the universal grading group of C. 

In the case where C = Rep H, for a semisimple Hopf algebra H, K = k^^^^f 
is the maximal central Hopf subalgebra of H and Cad = ^ep H/HK^ . 

Recall from [TTl [8] that a fusion category C is called (cyclically) nilpotent 
if there is a sequence of fusion categories 

Co = Vec,Ci, ... ,Cn = C 

and a sequence Gi , . . . , G„ of finite (cyclic) groups such that Cj is faithfully 
graded by Gi with trivial component Cj_i. 

The semisimple Hopf algebra H is called nilpotent if the fusion category 
Repff is nilpotent [111 Definition 4.4]. 

For instance, if G is a finite group, then the dual group algebra k'-' is 
always nilpotent. However, the group algebra kG is nilpotent if and only if 
the group G is nilpotent |1H Remark 4.7. (1)]. 

3.1. Nilpotency of an abelian extension. It is shown in [10\ Corollary 
4.3] that a group-theoretical fusion category C{G,u), F,a) is nilpotent if and 
only if the normal closure of F in G is nilpotent. On the other hand, this 
happens if and only if F is nilpotent and subnormal in G, if and only if 
F C Fit(G), where Fit(G) is the Fitting subgroup of G, that is, the unique 
largest normal nilpotent subgroup of G [10^ Subsection 2.3]. 
Combined with Remark 12. 4^ this implies: 

Proposition 3.2. Let k ^ ^ H ^ kF k be an abelian exact sequence 
and let G = F \xiT be the associated factorizable group. Then H is nilpotent 
if and only if F Q Fit(G). 
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An abelian exact sequence ()2.5p is called central if the image of is 
a central Hopf subalgebra of H. It is called cocentral, if the dual exact 
sequence is central. 

The following facts are well-known: 

Lemma 3.3. Consider an abelian exact sequence (|2.5p . Then we have: 

(i) The sequence is central if and only if the action <]: T x F ^ T is 
trivial. In this case, the group G = F ixi T is a semidirect product 
G ~ F XI r with respect to the action \>: T x F ^ F . 

(ii) The sequence is cocentral if and only if the action \>: T x F ^ F is 
trivial. In this case, the group G = F txi T is a semidirect product 
G ~ -F >< r with respect to the action <}: T x F ^ T . □ 

Remark 3.4. Assume the exact sequence (|2.5p is central. Then F is a normal 
subgroup of G. It follows from Proposition 13.21 that H is nilpotent if and 
only if F is nilpotent. 

4. On THE NILPOTENCY OF A CLASS OF SEMISIMPLE HOPF ALGEBRAS 

Let p be a prime number. We shall consider in this subsection a nontrivial 
semisimple Hopf algebra H fitting into an abelian exact sequence 

(4.1) k ^ k^p ^ H ^ kF ^ k. 

The main result of this subsection is Proposition 14.31 below. 

We first have the following lemma. 

Suppose that C is any group-theoretical fusion category of the form C = 
C{G,io,Zp,a) (Note that we may assume that a = 1.) In particular, p 
divides the order of G{C). We also have c. d.(C) C by Corollary 12.21 

Lemma 4.1. Let C = C{G,ui,Zp,a). Assume that \G{C)\ = p. Then G is a 
Frohenius group with Frohenius complement TLp. 

Proof. The description of the irreducible representations of C in Subsection 
12.41 combined with the assumption that |G(C)| = p, implies that gZpg~^ n 
Zp = {e}, for all g € G\'Lp. (In particular, the action of on TL^G has no 
fixed points s / e.) 

This condition says that G is a Frohenius group with Frohenius comple- 
ment Zp, as claimed. □ 

Remark 4.2. Let G be as in Lemma l4.ll By Frohenius' Theorem we have 
that the Frohenius kernel is a normal subgroup of G, such that G is a 
semidirect product G = N x "Lp. Moreover, A^ is a nilpotent group, by a 
theorem of Thompson. See [3H Theorem 10.5.6], [T2i Theorem (7.2)]. In 
fact, the Frohenius kernel A" is equal to Fit(G), the Fitting subgroup of G 
[3n Exercise 10.5.8]. 

As a consequence we get the following: 
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Proposition 4.3. Consider the abelian exact sequence ()4.ip and assume 
that \G{H)\ = p. Then we have: 

(i) The sequence is central, that is, G{H) C Z{H). 

(ii) G = F [XI Zp is a Frobenius group with kernel F. In particular, F is 
nilpotent. 

Proof. We follow the lines of the proof of [13., Proposition X.7 (i)]. Consider 
the matched pair (F, Zp) associated to (j4.ip . as in Subsection (|2.5p . Let 
G = F 1X1 Zp be the corresponding factorizable group. 

Then Repff* ~ C(G, w, Zp, 1) is group-theoretical and by assumption, 
G(Repi^*) is of order p. By Lemma I4.H G is a Frobenius group with 
Frobenius complement Zp. Therefore G is a semidirect product G = N yiZp, 
where = Fit(G) is a nilpotent subgroup. 

Since \G{H)\ = p, then the action of Zp on F has no fixed points. It 
follows, after decomposing F as a disjoint union of Zp-orbits, that \F\ = 
1 (mod p). In particular, \F\ is not divisible by p. Then F must map trivially 
under the canonical projection G G/N, that is, F N. Hence F = N, 
because they have the same order. This shows (ii). Since F is normal in G, 
we get (i) in view of Lemma 13.31 □ 

Corollary 4.4. Let k — )• k'^p H ^ kF k be an abelian exact sequence 
such that \G{H)\ = p. Then H is nilpotent. 

Proof. It follows from Proposition 14.31 in view of Remark 13.41 □ 

Remark 4.5. In view of fT3l Theorem IX. 8 (iii)], if -?/ is a Kac algebra with 
c.d.{H*) = {1,^} and \G{H)\ = p, then H is a central abelian extension 
associated to an action of the cyclic group of order p on a nilpotent group. 
It follows from Corollary 14.41 that H is a nilpotent Hopf algebra. 

Remark 4.6. Note that the (dual) assumption that c.d.{H) = {l,p} does 
not imply that H is nilpotent in general. For example, take H to be the 
group algebra of a nonabelian semidirect product F yi Zp, where F is an 
abelian group such that (|-F|,p) = 1. 

On the other hand, the assumption on \G{H) \ in Corollarv 14. 41 and Propo- 
sition HTSl is essential. Namely, for all prime number p, there exist semisimple 
Hopf algebras H with c.d.{H*) = {l,p} and such that H is not nilpotent. 

To see an example, consider a group F with an automorphism of order 
p and suppose F is not nilpotent (take for instance -F = S„, a symmetric 
group, such that n > 6 is sufficiently large). Consider the corresponding 
action of Zp on F by group automorphisms and let G = F xi Zp be the 
semidirect product. 

Then there is an associated (split) abelian exact sequence k — ?> k^^ — ?> 
H kF k, such that H is not commutative and not cocommutative. 
Moreover, in view of Remark 12.21 c.d.{H*) = {l,p}. But, by Remark 13.4^ 
H is not nilpotent, because F is not nilpotent by assumption. 
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4.1. Reduction to abelian extensions from character degrees. In 

this subsection we consider the case where c. d.{H) = {l,p} for some prime 
p and \G{H*) \ = p. We treat the problem of deducing an abelian extension 
like (14. ip from this assumption. 

It is known, for instance, that if p = 2, then the assumption implies that 
H is cocommutative [2, Proposition 6.8], [13, Corollary IX. 9]. 

Lemma 4.7. Suppose that c.d.{H*) = {l,p} for some prime p. Then 
H/{kG{H))^H is a cocommutative coalgehra. 

Proof. Let x be an irreducible character of degree p. We have that 

XX* = E ^- 

g&G[x] degA=p 

So p||G[x]l- Therefore \G[x\\ is either p = degx or p^, because it divides 
(degx)^- 

Moreover, since x = 9X foi' all g € G[x\, we have ^[xlC = C, where G is 
the simple subcoalgebra of H containing x- Then it follows from \1?>\ Remark 
3.2.7] that C/{kG[x\)'^G is a cocommutative coalgebra (indeed, \G[x\ \ is ei- 
ther p = degx or p^, but in the last case, C/{kG[x\)'^G is one-dimensional, 
hence also cocommutative). Then H/{kG{H))^ H is a cocommutative coal- 
gebra, by [231 Corollary 3.3.2]. □ 

4.2. Results for the type {l,p;p, n). Let p be a prime number. Along this 
subsection H will be a semisimple Hopf algebra such that c. d.{H) = {l,p} 
and \G{H*)\ = p. So that H is of type {l,p;p,n) as an algebra. 

Proposition 4.8. Suppose that p divides \G{H)\. Then G{H*) C Z{H*) 
and H* is nilpotent. 

Proof. By assumption, there is a subgroup G of G{H) with \G\ = p (i.e. 
G ~ Zp) and the Hopf algebra inclusion kG — > H induces the following 
sequence: 

kG{H*) ^H* ^ kG, 
with vr surjective. By [23l Lemma 4.1.9], setting A = kG{H*) and B = 
kG, we have that vr o i : kG{H*) — > kG is an isomorphism and H* ~ 
R#kG{H*) ~ R^^Ijp is a biproduct, where R = (if*)co7r semisimple 
braided Hopf algebra over Zp. The coalgebra R is cocommutative, by Lemma 
(|4.7p . because R ~ H* /H*kG{H*)+ as coalgebras. Since 1 + mp = dimi? 
then by |341 Proposition 7.2], R is trivial. Therefore, by \23\ Proposition 
4.6.1], H* fits into an abelian central exact sequence 

k ^ kZp ^ H* ^ R ^ k. 

Now, since the extension is abelian, there is a group F such that R ~ kF. 
It follows from Corollary 14.41 that H* is nilpotent. □ 

Proposition 4.9. Suppose H is quasitriangular. Then G{H*) C Z{H*) 
and H* is nilpotent. 
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Proof. Consider the Drinfeld double D(H). Since H is quasitriangular, 
G{H*) ~ Zp is isomorphic to a subgroup of G{D{H)*). Then G{D{Hf) 
has an element gjj^f of order p. We have that G{D{H)*) ~ G{D{H)) n 
Z{D{H)) C G{D{H)) = G{H*) x see Subsection 

In particular, the element /#5 G G{D{H)) n Z{D(H)) is of order p. If 
g is of order p, then the proposition follows from Proposition 14. 81 Thus we 
may assume that g = 1- Then / E G{H*) n Z{H*) is of order implying 
that G{H*) C 

Therefore H* fits into an abelian central exact sequence k — > fc^p — >■ 
H* ^ kF ^ k, where F is a finite group such that kF ~ H* / H* {k^p)~^ , 
by Lemma 14. 7i In view of the assumption on the algebra structure of H, 
Corollarv 14.41 implies that H* is nilpotent, as claimed. □ 

4.3. Results for the type 1). We next discuss the case where H 

is of type {l,p;p, 1) as an algebra (not necessarily quasitriangular). In par- 
ticular, dimH = p(p + 1) is even. 

Notice that under this assumption, the category Rep-ff is a near-group 
category with fusion rule given by the group G = G{H*) ~ Zp and the 
integer k [3S\. 

Let X be the irreducible character of degree p. It follows that X = X* 
X9 = X = 9X- Then 

X^ = g + f^x- 

geG{H*) 

Taking degrees in the equation above we obtain p'^ = p + up, which means 
that K = p — 1. 

We shall use the following proposition. A more general statement will be 
proved in Theorem I6.2i 

Proposition 4.10. Suppose H is of type {l,p;p, 1) as an algebra. Then one 
of the following holds: 

(i) p = 2 and H ~ k'B^, or 

(fi) j5 = 2° - ]Q, and d\m.H = 2>. 

In particular, H is solvable. 

Proof. By [33^ Theorem 1.2], it follows that G{H*) ~ 'Zqa_i, for some prime 
q and a > 1. Therefore p = q°' — 1. Ifg>2, then p = 2, which implies 
H ~ ^§3 is cocommutative. If g = 2, then p has the particular expression 
p = 2" - 1. 

Hence dimH equals 6 or p{p+l) = 2°'p. By Burnside's theorem for fusion 
categories [U Theorem 1.6], H is solvable. □ 

Remark 4.11. Note that, for all prime number p such that p = 2orp = 2" — 1 
as in Proposition 14.101 then there exists a finite group whose group algebra 
has the prescribed algebra type, as follows from the construction in [33| 
Subsection 4.1]. 



Such a prime number is called a Mersenne prime, in particular a must be prime. 
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Proposition 4.12. Let H be a semisimple Hopf algebra of type {l,p;p, 1) 
as an algebra. Then G{H*) C Z{H*) and H* is nilpotent. 

Proof. We have just proved in Proposition 14.10] that under this hypothesis 
H is solvable. Since RepD(//) ~ Z(Rep//), then D{H) is also solvable [8l 
Proposition 4.5 (i)]. 

By [El Proposition 4.5 (iv)], D[H) has nontrivial representations of di- 
mension 1, that is, \G{D{H)*)\ / 1. We have that G{D{H)*) ~ G{D{H)) n 
Z{D{H)) C G{D{H)) = G{H*) x G{H)- see Subsection EH 

We next argue as in the proof of Proposition 14.91 Consider an element 
1 / /#5 e G{D{H)) n Z{D{H)). If / = 1, then 1 / 5 G Z{H) n G{H). 
Therefore, H* fits into a cocentral extension k K ^ H* — ?> A;^^^ — )• k, 
where K isa proper normal Hopf subalgebra. The assumption on the algebra 
structure of H implies that K = kG{H*). Thus kG{H*) is normal in H*, 
and the extension is abelian, by Lemma [4.71 The proposition follows in this 
case from Proposition 14.31 (i) and Corollary 14. 4[ 

Thus we may assume that / 7^ 1- In particular, / is order p. 

If I/I = \g\=p = |G(-H'*)|, wehavethatp||G(//)|. Then G{H*) C Z{H*) 
and H* is nilpotent, by Proposition 14.81 

Otherwise, take \g\ = n, with p ^ n. If /" = 1, then p divides n and thus 
p divides \G{H)\. As before, we are done by Proposition 14.81 

If / 1, then /"#1 = = € Z{D{H)), which implies 

that /" 7^ 1 is central in H* and thus G{H*) C Z{H*). 

Therefore H* fits into an abelian central exact sequence k k'^p — > 
H* ^ kF ^ k, where F is a finite group such that kF ~ H* / H* {k^p)~^ , 
by Lemma 14.71 In view of the assumption on the algebra structure of H, 
Corollary 14.41 implies that H* is nilpotent, as claimed. □ 

Theorem 4.13. Let H be a semisimple Hopf algebra of type {l,p,p, 1) as 
an algebra. Then H is isomorphic to a twisting of a group algebra [kNY , 
for some finite group N such that kN is of type {l,p,p, 1) as an algebra. 

Proof. We may assume that IL is not cocommutative. Hence, in particular, 
p is odd. By Propositions 14.121 and 14.101 H* fits into an abelian central 
exact sequence k — t- k^p — > H* kF — )■ k, where -F is a finite group of 
order p + 1 = 2". Then the action <: Zp x F — > Zp is trivial, while the 
action > : Zp x F — >■ F is determined by an automorphism ip G Aut F of 
order p = 2°' — 1. 

We first claim that the group F must be abelian. By a result of P. Hall 
[3n 5.3.3], since F is a 2-group, the order of AutF divides the number 
n2^"~^^^ , where n = \ GL(r, 2)| and 2*" equals the index in F of the Frattini 
subgroup Prat(F) (which is defined as the intersection of all the maximal 
subgroups of F [3ll pp. 135]). In particular, we have r < a. 

Since the order of (p divides the order of AutF and | GL(r, 2)| = (2'' — 
1)(2^ - 2) ... (2'" - 2^-1), it follows that the prime p = 2° - 1 divides 2'' - 1, 
which means that r = a and, therefore, Prat(F) = 1. 
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Since F is nilpotent (because it is a 2-group), a result of Wielandt [3ll 
5.2.16] implies that [F, F], the commutator subgroup of F, is a subgroup of 
the Frattini subgroup Frat(i^). As we have just shown, we have Frat(-F) = 1 
in this case. Thus [F, F] = 1 and therefore F abelian, as claimed. 

Consider the split extension Bq = k'^p^kF associated to the matched pair 
(TjpjF). Since F is abelian, Bq (being a central extension) is commutative. 
This means that Bq isomorphic to /c^, where N = F xi Zp. 

Notice that \F\ =2" is relatively prime to p. It follows from [221 Propo- 
sition 5.22] and [161 Proposition 3.1] that H* is obtained from the split 
extension Bq = k^^^kF ~ k^ by twisting the multiplication. Indeed, the 
element representing the class of H* in the group Opext(A;F, A:^!') is the im- 
age of an element of H'^{F,k^) under the map H\F,k^) ® H'^{Zp,k^) ~ 
H'^{F, k^) — > Opext(A;F, k'^p) in the Kac exact sequence [HI Theorem 1.10]. 
Then the claim follows from [16, Proposition 3.1]. Dualizing, we get the 
statement in the theorem. □ 

Remark 4.14. If is a group such that the group algebra kN is of type 
{l,p,p, 1) as an algebra and J € kN ® kN is a twist, then H = (kN)'^ is 
also of this type. 

Corollary 4.15. Let H be a semisimple Hopf algebra of type {l,p,p, 1) as 
an algebra. Then Kep H ~ Rep A for some finite solvable group N. 

5. Solvability 

Recall from [8] that a fusion category C is called weakly group-theoretical 
if it is Morita equivalent to a nilpotent fusion category. If, furthermore, C is 
Morita equivalent to a cyclically nilpotent fusion category, then C is called 
solvable. 

In other words, C is weakly group-theoretical (solvable) if there exists an 
indecomposable algebra A in C such that the category aCa of A-bimodules 
in C is a (cyclically) nilpotent fusion category. 

Note that a group-theoretical fusion category is weakly group-theoretical. 
On the other hand, the condition on C being solvable is equivalent to the 
existence of a sequence of fusion categories 

Co = Vecfc,Ci, . . . ,Cn = C, 

such that Ci is obtained from Cj_i either by a Gj-equivariantization or as 
a Gj-extension, where Gi, . . . ,Gn are cyclic groups of prime order. See [51 
Proposition 4.4]. 

If G is a finite group and uj G H^{G, k^), we have that the categories 
C{G,uj) and RepG are solvable if and only if G is solvable. 

Let us call a semisimple Hopf algebra H weakly group-theoretical or sol- 
vable, if the category Rep H is weakly group-theoretical or solvable, respec- 
tively. 
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5.1. Solvability of an abelian extension. By [8, Proposition 4.5 (i)], 
solvability of a fusion category is preserved under Morita equivalence. There- 
fore, a group-theoretical fusion category C{G,uj, F,a) is solvable if and only 
if the group G is solvable. 

Remark 5.1. As a consequence of the Feit-Thompson theorem [9], we get 
that if the order of \G\ is odd, then C{G,lo, F,a) is solvable. This fact 
generalizes to weakly group-theoretical fusion categories; see Proposition 
O below. 

This implies the following characterization of the solvability of an abelian 
extension: 

Corollary 5.2. Let H is a semisimple Hopf algebra fitting into an abelian 
exact sequence (|2.5p . then H is solvable if and only ifG = F[xiT is solvable. 

In particular, if H is solvable, then F and T are solvable. 

A result of Wielandt [36] implies that if the groups P and F are nilpotent, 
then G is solvable. As a consequence, we get the following: 

Corollary 5.3. Suppose T and F are nilpotent. Then H is solvable. 

Then, for instance, the abelian extensions in Proposition 14.31 are solvable. 

Combining Corollary 15.31 with Lemma l4.ll and Remark 14.21 we get: 

Corollary 5.4. Let C = C{G,uj,Zp,a). Assume that \G{C)\ = p. Then C is 
solvable. 

6. Solvability from character degrees 

Let p be a prime number. We study in this section fusion categories C 
such that c. d.(C) = {l,p}. 

It is known that if G is a finite group, then this assumption implies that 
the group G, and thus the category RepG, are solvable [12]. 

Remark 6.1. If H is any semisimple Hopf algebra such that c. d.{H) = {l,p} 
and G is any finite group, then the tensor product Hopf algebra A = H 
also satisfies that c. d.(A) = {l,p} (since the irreducible modules of A are 
tensor products of irreducible modules of H and k^). 

But A is not solvable unless G is solvable; indeed, k^ is a Hopf subalgebra 
as well as a quotient Hopf algebra of A. 

Our aim in this section is to prove some structural results on C, regarding 
solvability, under additional restrictions. 

The following theorem generalizes Proposition 14. lOl 

Theorem 6.2. Let C be a near-group fusion category such that c. d.(C) = 
{l,p}. Then C is solvable. 
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Proof. In the notation of [33j, let the fusion rules of C be given by the pair 
{G, k), where G is the group of invertible objects of C and k is a nonnegative 
integer. Then Irr(C) = G U {m}, with the relation 

(6.1) = g + Km. 

The assumption on c. d.(C) implies that FPdimm = p. Hence FPdimC = 
|G| and since |G| = |G'(C)| divides FPdimC, we get that |G| = p oi p^. 
(Note that taking Frobenius- Perron dimensions in (16. Ih . we get that G ^ 1.) 

If |G| = p^, then k = and C is a Tambara-Yamagami category [35j. 
Furthermore, C is a Z2-extension of a pointed category C(G,a;). Then C is 
solvable in this case, by [8| Proposition 4.5 (i)]. 

Suppose that |G| = p. Then n = p — 1. As in the proof of Proposition 
I4.10( using [33, Theorem 1.2], we get that FPdimC = p{p + 1) equals 6 or 
p2". Then C is solvable, by [SI Theorem 1.6]. □ 

Our next result is the following theorem, for C = Repff, which is a 
consequence of Proposition 14.91 A stronger version of this result will be 
given in Subsection 17.21 under additional dimension restrictions. 

Theorem 6.3. Suppose H is of type {l,p;p,n) as an algebra. Assume in 
addition that H is quasitriangular. Then H is solvable. 

Proof. We have shown in Proposition 14.91 that H* is nilpotent. Moreover, 
by Lemma l4.7( H fits into an abelian cocentral exact sequence k ^ ^ 
H — )• feZp k, where F is a nilpotent group. Therefore, H is solvable, by 
Corollary EH □ 

In the remaining of this section, we restrict ourselves to the case where 
C = Rep H for a semisimple Hopf algebra H. 

6.1. The case p = 2. Let H he a semisimple Hopf algebra such that 
c.d.{H) C {1,2}. By [2l Theorem 6.4], one of the following possibilities 
holds: 

(i) There is a cocentral abelian exact sequence k ^ k^ ^ H ^ kV ^ k, 
where F is a finite group and F ~ 7^2^, n > 1, or 

(ii) There is a central exact sequence k^k^^H^B^k, where 
B = ffad is a proper Hopf algebra quotient, and U = U(KepH) 
is the universal grading group of the category of finite dimensional 
i?- modules. 

In particular, if H = -ffad) then H satisfies (i). 

As a consequence of this result we have: 

Theorem 6.4. Let H be a semisimple Hopf algebra such that c.d.{H) C 
{1,2}. Then H is weakly group-theoretical. 

Moreover, if H = Hi^^, then H is group-theoretical. 
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Proof. The assumption implies that H satisfies (i) or (ii) above. If H satisfies 
(i), then H is group-theoretical, by Remark 12.41 

Otherwise, H satisfies (ii), and then the category Repff is a [/-extension 
of Repi?, in view of Proposition 13. 1[ By an inductive argument, we may 
assume that B is weakly group-theoretical (note that c. d.(i?) C {1,2}). 
Therefore so is H, by fS, Proposition 4.1]. □ 

We next discuss conditions that guarantee the solvability of H. The 
following result is proved in [2]. 

Proposition 6.5. [2, Proposition 6.8]. Suppose H is of type (l,2;2,n) as 
an algebra. Then H is cocommutative. 

The proposition implies that such a Hopf algebra H is isomorphic to a 
group algebra kG for some finite group G. By the assumption on the algebra 
structure of H, the group G, and then also H, are solvable. 

The next lemma gives a sufficient condition for H to be solvable. 

Lemma 6.6. Suppose c.d.{H) C {1,2} and H = i?ad- Then H is solvable 
if and only if the group F in (i) is solvable. 

Proof. Since H = H^^, then H satisfies (i). Therefore H is solvable if and 
only if the relevant factorizable group G = F tx] P is solvable, by Corollary 
15. 2[ Also, since the sequence (i) is cocentral, then G is a semidirect product: 
G = F XI P. This proves the lemma. □ 

Remark 6.7. Suppose that H has a faithful irreducible character x of degree 
2, such that XX* = X*X- Then it follows from [2, Theorem 3.5] that H fits 
into a central abelian exact sequence k — > fc^™ — )■ — >■ kT — )• k, for some 
polyhedral group T of even order and for some m > 1. In particular, since 
c.d.{H) = {1,2}, then T is necessarily cyclic or dihedral (see, for instance, 
[21 pp. 10] for a description of the polyhedral groups and their character 
degrees). Therefore H is solvable in this case. 

The assumption on x is satisfied in the case where H is quasitriangular; so 
that the conclusion holds in this case. We shall show in the next subsection 
that every quasitriangular semisimple Hopf algebra with c. d.{H) C {1,2} is 
also solvable. 

We next prove some lemmas that will be useful in the next subsection. 

Lemma 6.8. Suppose c.d.{H) C {1,2} and let K be a Hopf subalgebra or 
quotient Hopf algebra of H . Then c. d.{K) C {1, 2}. 

Proof. We only need to show the claim when K Q H is a Hopf subalgebra. 
In this case, the statement follows from surjectivity of the restriction functor 
RepH^RepK. □ 

The lemma has the following immediate consequence: 

Corollary 6.9. Ifc.d.{H) C {1,2}, then the group G{H) is solvable. 
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Lemma 6.10. Suppose c. d.{H),c. d.{H*) C {1,2}. Then H is solvable. 

Proof. By induction on the dimension of H. 

Consider the universal grading group U of the category Rep H. Then 
H* — > kU is a quotient Hopf algebra and therefore c.d.{U) C {1,2}, by 
Lemma 16.81 This implies that the group U is solvable. 

Suppose first ffad 7^ H. In view of Lemma \QM, we also have c.d.(ifad), 
c. d.(i7*j) C {1,2}. By the inductive assumption //ad is solvable. By [8l 
Proposition 4.5 (i)], H is solvable, since Rep// is a [/-extension of Rep //ad- 
It remains to consider the case where //ad = H. As pointed out at the 
beginning of this subsection, it follows from p| Theorem 6.4] that in this 
case H satisfies condition (i), that is, H fits into a cocentral abelian exact 
sequence k ^ ^ H ^ kV ^ k, with |r| > 1 and F abelian. 

In particular, k^ CI H* is a nontrivial central Hopf subalgebra, implying 
that H* / //ad- The inductive assumption implies, as before, that //*^ and 
thus also H* is solvable. Then H also is. This finishes the proof of the 
lemma. □ 

6.2. The quasitriangular case. We shall assume in this subsection that 
H is quasitriangular. Let R £ H ® H he an /^-matrix. We keep the notation 
in Subsection 12.61 

Remark 6.11. Notice that, since the category Rep// is braided, then the 
universal grading group U = U (Rep H) is abelian (and in particular, sol- 
vable) . 

The following is the main result of this subsection. 

Theorem 6.12. Let H be a quasitriangular semisimple Hopf algebra such 
that c.d.{H) C {1,2}. Then H is solvable. 

Proof. If c.d.{H) = {1}, then H is commutative and, because it is quasi- 
triangular, isomorphic to the group algebra of an abelian group. Hence we 
may assume that c. d.(//) = {1, 2}. 

Consider the Hopf subalgebras H^,H^ C H. By Lemma |6.8| we have 
c.d.(//+), c.d.(//_) C {1,2}. Then c. d. (//_), c. d.(//*) C {1,2}, since 
(//* )™P ~ H+. 

By Lemma 16.101 //_ is solvable. Therefore the Drinfeld double D{H ) 
and its homomorphic image Hpi are also solvable. 
We may thus assume that Hr C H. 

Observe that, being a quotient of //, //ad is also quasitriangular and 
satisfies c.d.(//ad) C {1,2}. Hence, by induction, we may also assume that 
H = //ad, and in particular, G{H) n Z{H) = 1. Indeed, Rep// is a U- 
extension of Rep //ad and the group U is abelian, as pointed out before. 

Therefore H fits into a cocentral abelian exact sequence k^k^ ^ H ^ 
kT ^ k, where 1 7^ F is elementary abelian of exponent 2. 

In view of Lemma 16.61 it will be enough to show that the group F is 
solvable. 
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We have f C G{H*) n Z{H*). By [28l Proposition 3], fR^^{G[H*) n 
Z{H*)) C G{H)nZ(H). Hence we may assume that /ijji If ~ -'^ similarly 
/ij|f = 1- Thus fji, /ij2i factorize through the quotient H* / H* (kT)^ ~ kF. 

Therefore = fji{H*) and H- = fii^^{H*) are cocommutative. (Then 
they are also commutative, since Hj^ ~ if^™^.) In particular, Hji = H^H_ 
is cocommutative. Hence ^ji{H*) C Hji C kG{H). 

By |2H Theorem 4.11], K = ^ji{H*) is a commutative (and cocommu- 
tative) normal Hopf subalgebra, which is necessarily solvable, since is. 
In addition, $/j(ff*) ~ kT, where T C G{H) is an abelian subgroup ([HI 
Example 2.1]), and there is an exact sequence of Hopf algebras 

k ^ kT ^ H ^ k, 

where if is a certain (canonical) triangular Hopf algebra. 

Since H is triangular, then H ~ {khY , is a twisting of the group algebra 
of some finite group L. Because c.d.(L) = c. d.(-ff) C {1,2}, L must be 
solvable. Hence H is solvable, since Rep H ~ Rep L. 

The map tt : H ^ H induces, by restriction to the Hopf subalgebra 
k^ C H, an exact sequence 

k^kTnk^ ^k^ TT{k^) k. 

We have kT nk^ = k^ and 7r{k^) = k'^ , where F and S are a quotient and 
a subgroup of F, respectively, in such a way that the exact sequence above 
corresponds to an exact sequence of groups 

1 ^ S ^ F ^F ^ I. 

Now, F is abelian, because k^ = kT n k^ is cocommutative, and S is 
solvable, because k^ is a Hopf subalgebra of H. Therefore F is solvable. 
This implies that H is solvable and finishes the proof of the theorem. □ 

7. Odd dimensional fusion categories 

Along this section, p will be a prime number. Let C be a fusion category 
over k. Recall that the set of irreducible degrees of C was defined as 

c. d.(C) = {FPdimxl x G IrrC}. 

The fusion categories that we shall consider in this section are all inte- 
gral, that is, the Frobenius-Perron dimensions of objects of C are (natural) 
integers. By [7, Theorem 8.33], C is isomorphic to the category of represen- 
tations of some finite dimensional semisimple quasi-Hopf algebra. 

7.1. Odd dimensional weakly group-theoretical fusion categories. 

The following result is a consequence of the Feit-Thompson theorem [9j . 

Proposition 7.1. Let C be a weakly group-theoretical fusion category and 
assume that FPdimC is an odd integer. Then C is solvable. 



22 



SONIA NATALE AND JULIA YAEL PLAVNIK 



Note that since FPdimC is an odd integer, the fusion category C is inte- 
gral. See [51 Corohary 2.22]. 

Proof. By definition, C is Morita equivalent to a nilpotent fusion category. 
Then, by Proposition 4.5 (i)], it will be enough to show that a nilpotent 
fusion category of odd Frobenius-Perron dimension is solvable. So, assume 
that C is nilpotent, so that C is a G-extension of a fusion subcategory C, 
with |G| > 1. In particular, FPdimC = |G| FPdimC Hence the order of 
G and FPdimC are odd and FPdimC < FPdimC. The theorem follows 
by induction, since by the Feit-Thompson theorem, G is solvable. See O 
Proposition 4.5 (i)]. □ 

7.2. Braided fusion categories. We shall need the following lemma whose 
proof is contained in the proof of [HI Proposition 6.2 (i)]. We include a sketch 
of the argument for the sake of completeness. 

Lemma 7.2. Let C be a fusion category and let G be a finite group acting on 
C by tensor autoequivalences. Assume c. d.(C'^) C Then c. d.(C) C 

Proof. Regard C as an indecomposable module category over itself via tensor 
product, and similarly for C^. Let y be a simple object of C. Since the 
forgetful functor F : C*^ — > C is surjective, y is a simple constituent of 
F{X), for some simple object X of . 

Since F is a tensor functor, we have FPdimX = FPdimi^(X). By For- 
mula (7) in [SI Proof of Proposition 6.2], 

(7.1) FPdim(X) = deg(7r)[G : Gy] FPdimy, 

where Gy ^ G is the stabilizer of Y and vr is an irreducible representation 
of Gy associated to X. Therefore FPdimy divides FPdimX. 

The assumption on C^ implies that FPdimX = 1 or p. Then also 
FPdimy = 1 or p. This proves the lemma. □ 

Theorem 7.3. Let C be braided fusion category such that FPdimC is an 
odd natural integer. Assume in addition that c.d.(C) C Then C is 

solvable. 

Proof. By induction on FPdimC. (Notice that the Frobenius-Perron dimen- 
sion of a fusion subcategory of C divides the dimension of C [Tj Proposition 
8.15], and the same is true for the Frobenius-Perron dimension of a fusion 
category V such that there exists a surjective tensor functor C — )• P [3 
Corollary 8.11]. Thus these fusion categories are odd-dimensional as well.) 
If c. d.(C) = {1}, then C is pointed. Then C ~ C{G,uj) for some group G of 
order FPdimC and some 3-cocycle uj on G. Then the result follows from [H 
Proposition 4.5 (ii)] and the Feit-Thompson theorem, since |G| = FPdimC 
is odd. 
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Suppose next that c. d.(C) = {l,p}- Then all non-invertible objects in 
C have Frobenius- Perron dimension p. Consider the group G{C) of invert- 
ible objects of C. Then G{C) ^ 1, as follows by taking Frobenius-Perron 
dimensions in a decomposition of the tensor product X (^iX*, for some sim- 
ple non-invertible object X. Moreover, the order of G{C) is odd (because it 
equals FPdimCpf and hence divides FPdimC) and therefore G{C) is solvable. 

The assumption on FPdimC implies that C (regarded with its canonical 
spherical structure) is modularizable, in view of [H Lemma 7.2]. Let C 
be its modularization, which is a modular category over k. Then C is an 
equivariantization C ~ C*^ with respect to the action of a certain group 
G on C [3]. (Indeed, the modularization functor C C gives rise to an 
exact sequence of fusion categories Rep G ^ C — )• C, which comes from an 
equivariantization; see [H Example 5.33].) 

By construction of G, the category Rep G is the (tannakian) fusion sub- 
category of transparent objects in C. Therefore there is an embedding of 
braided fusion categories RepG C C. Li particular, the order of G is odd, 
implying that G is solvable. 

By Lemma [7^ c. d.(C) C {l,p}. Then, by induction, and since an equi- 
variantization of a solvable fusion category under the action of a solvable 
group is again solvable, we may and shall assume in what follows that C = C 
is modular. 

It is shown in Theorem 6.2] that the universal grading group U{C) 

is (abelian and) isomorphic to the group G{C) of characters of G{C). In 
particular, U{C) ^ 1. On the other hand, C is a C/(C)-extension of its fusion 
subcategory Cad- Since also c. d.(Cad) ^ then Cad is solvable, by 

induction. Therefore C is solvable, as claimed. □ 
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ON FUSION CATEGORIES WITH FEW IRREDUCIBLE 

DEGREES 



SONIA NATALE AND JULIA YAEL PLAVNIK 

Abstract. We prove some results on the structure of certain classes of 
integral fusion categories and semisimple Hopf algebras under restric- 
tions on the set of its irreducible degrees. 



1. Introduction 

Let k be an algebraically closed field of characteristic zero. Let C be 
a fusion category over k. That is, C is a A;-linear semisimple rigid tensor 
category with finitely many isomorphism classes of simple objects, finite- 
dimensional spaces of morphisms, and such that the unit object 1 of C is 
simple. 

For example, if G is a finite group, then the categories Rep G of its finite 
dimensional representations, and the category C{G,uj) of G-graded vector 
spaces with associativity determined by the 3-cocycle uj, are fusion categories 
over k. More generally, if if is a finite dimensional semisimple quasi-Hopf 
algebra over k, then the category KepH of its finite dimensional represen- 
tations is a fusion category. 

Let Irr(C) denote the set of isomorphism classes of simple objects in the 
fusion category C. In analogy with the case of finite groups [12], we shall 
use the notation c. d.(C) to indicate the set 

c. d.(C) = {FPdimx| x € Irr(C)}. 

Here, FPdimx denotes the Frobenius- Perron dimension of x S Irr(C). No- 
tice that, when C is the representation category of a quasi-Hopf algebra, 
Frobenius-Perron dimensions coincide with the dimensions of the underly- 
ing vector spaces. In this case, we shall use the notation c. d.(C) = c. d.{H). 

The positive real numbers FPdimx, x G Irr(C), will be called the irre- 
ducible degrees of C. 

The fusion categories that we shall consider in this paper are all integral, 
that is, the Frobenius-Perron dimensions of objects of C are (natural) inte- 
gers. By [71 Theorem 8.33], C is isomorphic to the category of representations 
of some finite dimensional semisimple quasi-Hopf algebra. 
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For a finite group G, the knowledge of the set c.d.(G) = c.d.{kG) gives 
in some cases substantial information about the structure of G. It is known, 
for instance, that if | c. d.(G)| < 3, then G is solvable. 

On the other hand, if |c. d.(G)| = 2, say c. d.(G) = {l,m}, m > 1, then 
either G has an abelian normal subgroup of index m or else G is nilpotent of 
class < 3. Furthermore, if G is nonabelian, then c. d.(G') = for some 

prime number p, if and only if G contains an abelian normal subgroup of 
index p or the center Z{G) has index p^. See [12^ Theorems (12.11), (12.14) 
and (12.15)]. 

In the context of semisimple Hopf algebras, some results in the same spirit 
are known. A basic one is that of [39], which asserts that if | c. d.(-ff)| < 3, 
then G{H*) is not trivial, in other words, H has nontrivial characters of 
degree 1. A similar result appears in [19^ Theorem 2.2.3]. 

Further results, leading to classification theorems in some specific cases, 
appear in the work of Izumi and Kosaki |13j for Kac algebras, that is, Hopf 
(7*-algebras. 

In this paper we consider the general problem of understanding the struc- 
ture of a fusion category C after the knowledge of c. d.(C). For instance, it 
is well-known that c. d.(C) = {1} if and only if C is pointed, if and only if 
C ~ C(G,a;), for some 3-cocycle w on the group G = G{C) of isomorphism 
classes of invertible objects of C. 

More specifically, we address the following question: 

Question 1.1. Suppose c. d.(C) = {l,p}, withp a prime number. What can 
be said about the structure ofC? 

We treat mostly structural questions regarding nilpotency and solvability, 
in the sense introduced in [llj and [8j. (A related question for semisimple 
Hopf algebras, that we shall not discuss in the present paper, was posed in 
[251 Question 7.2].) 

The notions of nilpotency and solvability of a fusion category are related 
to the corresponding notions for finite groups as follows: if G is a finite 
group, then the category RepG is nilpotent or solvable if and only if G 
is nilpotent or solvable, respectively. On the dual side, a pointed fusion 
category C{G,u}) is always nilpotent, while it is solvable if and only if the 
group G is solvable. 

An important class of fusion categories, called weakly group-theoretical 
fusion categories, was introduced and studied in [8]. This generalized in 
turn the notion of a group-theoretical fusion category of [?]. By definition, 
C is group-theoretical if it is Morita equivalent to a pointed fusion category, 
and it is weakly group-theoretical if it is Morita equivalent to a nilpotent 
fusion category. Every nilpotent or solvable fusion category is weakly group- 
theoretical. 

With regard to Question II. 1^ consider for instance the case where C = 
RepiJ, for a semisimple Hopf algebra H. A result in this direction is known 
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in the case p = 2. It is shown in [2, Corollary 6.6] that if is a semisimple 
Hopf algebra such that c.d.{H) C {1,2}, then H is upper semisolvable. 
Moreover, H is necessarily cocommutative if G{H*) is of order 2. The proof 
of these results relies on a refinement of a theorem of Nichols and Richmond 
( \26\ Theorem 11]) given in [21 Theorem 1.1]. 

In the context of Kac algebras, it is shown in [13^ Theorem IX. 8 (iii)] 
that if c.d.(-ff*) = {l,p} and in addition \G{H)\ = p, then H is a central 
abelian extension associated to an action of the cyclic group of order p on 
a nilpotent group. In the recent terminology introduced in [H], this result 
implies that such a Kac algebra is nilpotent. See Remark 14. 5[ 

The main results of this paper are summarized in the following theorem. 

Theorem 1.2. Let C be a fusion category over k. Then we have: 

(i) Suppose C is weakly group-theoretical and has odd dimension. Then C 
is solvable. (Proposition \7.1\ ) 

Let p be a prime number. 

(a) Suppose C is odd- dimensional and c.d.(C) C {p™ : m > 0}. Then C 
is solvable. ( Theorem 1 7. 3[ j 

(iii) Suppose c. d.(C) C {l,p}. Then C is solvable in any of the following 
cases: 

• C = C{G,uj,Zp,a) (a group-theoretical fusion category ^) and G{C) 
is of order p. ( Corollary \5.4\ ) 

• C is a near-group category ^35j. (Theorem \6.2l ) 

• C = Rep H, where H is a semisimple quasitriangular Hopf algebra 
and p = 2. (Theorem \6.12l ) 

(iv) Let H be a semisimple Hopf algebra such that c. d.{H) C {l,p}. Then 
H* is nilpotent in any of the following cases: 

• \G{H*)\ =p and p divides \G{H)\. ( Proposition 

• \G{H*)\ =p and H is quasitriangular. (Proposition^^) 

• H is of type (l,p;p, 1) as an algebra. (Proposition \4-12] ) 

(v) Let H be a semisimple Hopf algebra such that c. d.{H) C {1, 2}. Then 
we have: 

• H is weakly group-theoretical, and furthermore, it is group-theoretical 
ifH = H^. (Theorem\6^\) 

• The group G{H) is solvable. ( Corollary \6. 91 ) 

(vi) Let H be a semisimple Hopf algebra of type {l,p;p, 1) as an algebra. 
Then H is isomorphic to a twisting of the group algebra kN , where either 
p = 2 and N = S3 or p = 2"~^ , a> 1, and N is the affine group of the field 
F2C. (Theorem l4T3[ ) 

The proof of part (i) of the theorem is a consequence of the Feit-Thompson 
Theorem [9] that asserts that every finite group of odd order is solvable. 
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By |25l Corollary 4.5], the semisimple Hopf algebras H in part (iv) of the 
theorem are lower semisolvable in the sense of \18\. 

The results on semisimple Hopf algebras H with c. d.{H) C {1, 2} rely on 
the results of the paper [2] . We also make strong use of several results of the 
papers [8], [11] and [10] on weakly group-theoretical, solvable and nilpotent 
fusion categories. 

The paper is organized as follows. In Section [2] we recall the main no- 
tions and results relevant to the problem we consider. In particular, several 
properties of group-theoretical fusion categories and Hopf algebra extensions 
are discussed here. The results on nilpotency are contained in Sections [3] 
and m The strategy in these sections consists in reducing the problem to 
considering Hopf algebra extensions. Sections [5l [6] and [7] are devoted to the 
solvability question in different situations. 

2. Preliminaries 

2.1. Fusion categories. A fusion category over A: is a /c-linear semisimple 
rigid tensor category C with finitely many isomorphism classes of simple ob- 
jects, finite-dimensional spaces of morphisms, and such that the unit object 
1 of C is simple. We refer the reader to [7] for basic definitions and facts 
concerning fusion categories. In particular, if is a semisimple (quasi-)Hopf 
algebra over k, then Rep H is a fusion category. 

A fusion subcategory of a fusion category C is a full tensor subcategory 
C C C such that if X G C is isomorphic to a direct summand of an object 
of C , then X G C . A fusion subcategory is necessarily rigid, so it is indeed 
a fusion category f5^, Corollary F.7 (i)]. 

A pointed fusion category is a fusion category where all simple objects are 
invertible. A pointed fusion category is equivalent to the category C{G,uj), 
of finite-dimensional G-graded vector spaces with associativity constraint 
determined by a cohomology class co € H^{G,k^), for some finite group G. 
In other words, C{G,uj) is the category of representations of the quasi-Hopf 
algebra A;*^, with associator uj E (A:*^)®^. 

The fusion subcategory generated by a collection X of objects of C is the 
smallest fusion subcategory containing X. 

If C is a fusion category, then the set of isomorphism classes of invertible 
objects of C forms a group, denoted G{C). The fusion subcategory generated 
by the invertible objects of C is a fusion subcategory, denoted Cpt; it is the 
maximal pointed subcategory of C. 

Let Irr(C) denote the set of isomorphism classes of simple objects in the 
fusion category C. The set Irr(C) is a basis over Z of the Grothendieck ring 
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2.2. Irreducible degrees. For x € Irr(C), let FPdimx be its Frobenius- 
Perron dimension. The positive real numbers FPdimx, x G Irr(C) will be 
called the irreducible degrees of C. These extend to a ring homomorphism 
FPdim : GiC) — )• M. When C is the representation category of a quasi-Hopf 
algebra, Frobenius-Perron dimensions coincide with the dimension of the 
underlying vector spaces. 

The set of irreducible degrees of C is defined as 

c. d.(C) = {FPdimx|x G Irr(C)}. 
The category C is called integral if c. d.(C) C N. 

If X is any object of C, then its class x in Q{C) decomposes as x = 
J2yeivv{c) ''^{y->^)v-> where m{y,x) = dimHom(y, X) is the multiplicity of Y 
in X, if Y is an object representing the class y G Irr(C). 

For all x,y,z G G{C), we have: 

(2.1) m(x, yz) = m{y* , zx*) = m{y, xz*). 

Let X G Irr(C). The stabilizer of x under left multiplication by elements of 
G{C) in the Grothendieck ring will be denoted by G[x]. So that an invertible 
element g G G{C) belongs to G[x] if and only if gx = x. 

In view of (12. ip . for all x G Irr(C), we have 

G[x] = {ge G{C) : m{g,xx*) > 0} = {g e G{C) : m{g,xx*) = 1}. 
In particular, we have the following relation in G{C): 

XX* = g+ m{y,xx*)y. 

g£G[x] j/eIrr(C), FPdim y>l 

Remark 2.1. Notice that an object g C is invertible if and only if FPdim 5 = 
1. 

Suppose that C is an integral fusion category with | c. d.(C)| = 2. That is, 
c. d.(C) = {1, d} for some integer d > 1. Then d divides the order of G[x] for 
all X G Irr(C) with FPdim x > 1. In particular, d divides the order of G{C), 
and thus G{C) ^ 1. 

Indeed, if x G Irr(C) with FPdim x = d, we have the relation: 

xx*= g+ ^ m{y,xx*)y. 

g&G[x\ yelrr(C), FPdim y=d 

The claim follows by taking Frobenius-Perron dimensions. 

2.3. Semisimple Hopf algebras. Let H he a. semisimple Hopf algebra 
over k. We next recall some of the terminology and conventions from |24] 
that will be used throughout this paper. 

As an algebra, H is isomorphic to a direct sum of full matrix algebras 

(2.2) A:(")eeLiMrf^(A;)(">), 

where n = \G{H*)\. The Nichols- Zoeller theorem [27] implies that n divides 
both dim if and rijd?, for alH = 1, . . . , r. 
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If we have an isomorphism as in ()2.2p . we shall say that H is of type 
(1, n; di, ni; . . . ; dr,nr) as an algebra. If H* is of type (1, n; di, m; . . . ; dr,nr) 
as an algebra, we shall say that H is of type (1, n; di, ni; . . . ; dr, "r) cls a 
coalgebra. 

Let V be an //-module. The character of V is the element x = £ -f^* 
defined by x(^) = Trv(/i), for all h G H. For a character its degree is the 
integer degx = = dimF. The character xv is called irreducible if V is 
irreducible. 

The set lii{H) of irreducible characters of H spans a semisimple sub- 
algebra R{H) of H* , called the character algebra of H. It is isomorphic, 
under the map V — )■ xv-, to the extension of scalars k ®% t?(Repi/) of the 
Grothendieck ring of the category Repi/. In particular, there is an identi- 
fication Irr(//) ~ Irr(Repi/). 

Under this identification, all properties listed in Subsection 12.21 hold true 
for characters. 

In this context, we have G(Rep//) = G{H*). The stabilizer of x under 
left multiplication by elements in G{H*) will be denoted by G[x\- By the 
Nichols-Zoeller theorem [27], we have that \G[x\\ divides (degx)^- 

Following [12i Chapter 12], we shall denote c.d.{H) = c. d.(Rep//). So 
that, 

c.d.{H) = {degxix G Irr(i/)}. 

In particular, if H is of type (1, n; di, ni; . . . ; 'i-r) as an algebra, then 
c.d.(/7) = {l,di,...,d,}. 

There is a bijective correspondence between Hopf algebra quotients of H 
and standard subalgebras of R{H), that is, subalgebras spanned by irre- 
ducible characters of H. This correspondence assigns to the Hopf algebra 
quotient H ^ H its character algebra R{H) C R[H). See p6l . 

2.4. Group-theoretical categories. A group-theoretical fusion category 
is a fusion category Morita equivalent to a pointed fusion category C(G, w). 
Such a fusion category is equivalent to the category C(G, w, F, a) of kaF- 
bimodules in C(G, w), where G is a finite group, a; is a 3-cocycle on G, F C G 
is a subgroup and a € C'^{F, k^) is a 2-cochain on F such that = da. A 
semisimple Hopf algebra H is called group-theoretical if the category Rep H 
is group-theoretical. 

Let C = C{G,uj, F,a) be a group-theoretical fusion category. Let also F 
be a subgroup of G, endowed with a 2-cocycle /3 € Z'^(T, k^), such that 

• The class a;|r is trivial; 

• G = FT; 

• The class a|Fnr/3~^|Fnr is non-degenerate. 

Then there is an associated semisimple Hopf algebra H, such that the cat- 
egory Kep H is equivalent to C. By [28], equivalence classes subgroups F of 
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G satisfying the conditions above, classify fiber functors C ^ Vecfc; these 
correspond to the distinct Hopf algebras H. 

Let C = C{G,uj, F,a) be a group-theoretical fusion category. The simple 
objects of C are classified by pairs (s, Us), where s runs over a set of repre- 
sentatives of the double cosets of F in G, that is, orbits of the action of F 
in the space F\G of left cosets oi F in G, Fg = F n sFs~^ is the stabilizer 
of s G F\G, and Us is an irreducible representation of the twisted group 
algebra ku^Fg, that is, an irreducible projective representation of Fs with 
respect to certain 2-cocycle as determined by w. See [W\ Theorem 5.1]. 

The irreducible representation Wi^s,Us) corresponding to such a pair (s, Us) 
has dimension 



As a consequence, we have: 

Corollary 2.2. The irreducible degrees of C{G,u, F,a) divide the order of 
F. 

Remark 2.3. A group-theoretical category C = C{G,uj,F,a) is an integral 
fusion category. An explicit construction of a quasi-Hopf algebra H such 
that HepH ~ C was given in [21j. 

As an algebra, H is a crossed product k^\'-^^crkF, where F\G is the 
space of left cosets of F in G with the natural action of F, and o" is a certain 
2-cocycle determined by u. 

Irreducible representations of H, that is, simple objects of C, can therefore 
be described using the results for group crossed products in [18j: this is done 
in [2H Proposition 5.5]. 

By \10\ Theorem 5.2], the group G{C) of invertible objects of C fits into 
an exact sequence 



where K = {x € Ng{F) : [a^] = 1}. 

2.5. Abelian extensions. Suppose that G = FT is an exact factorization 
of the finite group G, where T and F are subgroups of G. Equivalently, 
F and T form a matched pair of groups with the actions <l: F x F — )■ T, 
[>: T X F ^ F, defined hy sx = (x <\ s){x [> s) , x & F , s & T . In this case, 
G is isomorphic to the group F ixi T defined as follows: F [xiT = F xT, with 
multiplication {x,s){t,y) = {x{s > y), {s <\ y)t), for all x,y & F, s,t gT. 

Let a G Z'^{F,{k^)^) and r G Z'^(T,{k^)^) be normalized 2-cocycles 
with the respect to the actions afforded, respectively, by <l and [>, subject 
to appropriate compatibility conditions [16j . 

The bicrossed product H = k^ '^^^kF associated to this data is a semisim- 
ple Hopf algebra. There is an abelian exact sequence 



(2.3) 



dimW(^s,Us) = [F ■ Fs] dimUs. 



(2.4) 



1 ^ F ^ G{C) ^ K 



(2.5) 
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Moreover, every Hopf algebra H fitting into such an exact sequence can 
be described in this way. This gives a bijective correspondence between 
the equivalence classes of Hopf algebra extensions (12. 5p associated to the 
matched pair (F, T) and a certain abelian group Opext(F, A;F). 

Remark 2.4. The Hopf algebra H is group theoretical. In fact, we have an 
equivalence of fusion categories Rep H ~ C{G,uj,F, 1) [201 4.2], where uj is 
the 3-cocycle on G coming from the so called Kac exact sequence. 

Irreducible representations of H are classified by pairs {s,Us), where s 
runs over a set of representatives of the orbits of the action of F in F, 
Fs = F n sFs~^ is the stabilizer of s € F, and Ug is an irreducible represen- 
tation of the twisted group algebra kf^^Fg, that is, an irreducible projective 
representation of Fg with cocycle ag, where as{x,y) = a{x,y){s), x,y £ F, 
s G r. See tl4j. 

Note that, for all s G T, the restriction of as '■ F x F k^ to the stabilizer 
Fs defines indeed a 2-cocycle on Fs. 

The irreducible representation corresponding to such a pair {s,Us) is in 
this case of the form 

(2.6) W^s^Us)--=iT^d^r^kF.S(^Us. 

2.6. Quasitriangular Hopf algebras. Let H he a finite dimensional Hopf 
algebra. Recall that H is called quasitriangular if there exists an invertible 
element R £ H ® H , called an R-matrix, such that 

(A(g)id)(i?) =i?i3i?23, (e®id)(i?) = 1, 
(id®A)(i?) = R13R12, (id0e)(i?) = 1, 
A"°P(/i) = RA{h)R'\ V/i G H. 

The existence of an i?-matrix (also called a quasitriangular structure in 
what follows) amounts to the category HepH being a braided tensor cate- 
gory. See p]. 

For instance, the group algebra kG of a finite group G is a quasitriangular 
Hopf algebra with R = 1 ® 1. On the other hand, the dual Hopf algebra k^ 
admits a quasitriangular structure if and only if G is abelian. 

If it exists, a quasitriangular structure in a Hopf algebra H need not be 
unique. 

Another example of a quasitriangular Hopf algebra is the Drinfeld double 
D{H) of H, where H is any finite dimensional Hopf algebra. We have 
D(H) = H*'^°^®H as coalgebras, with a canonical i?-matrix TZ = h^^hi, 
where {hi)i is a basis of H and (/i*)j is the dual basis. 

As braided tensor categories. Rep D{H) = Z(Rep H) is isomorphic to the 
center of the tensor category Repi?. 
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Suppose {H, R) is a quasitriangular Hopf algebra. There are Hopf algebra 
maps fR : /7*"°p ^ H and /r^, : H* F°p defined by 

fRip)=piR^'W\ fRM=PiR^'W\ 

for all peH*, where R = R'-^^ ii^^) ^H(g)H. 

We shall denote fR{H*) = Hj^ and fR^^{H*) = H^, respectively. So that 
H^, i7_ are Hopf subalgebras of H and we have Hj^^ ~ (i?* )'^°p. 

We shall also denote by Hr = H^H^ = H^H^ the minimal quasitrian- 
gular Hopf subalgebra of H. See [30j. 

By [30l Theorem 2], the multiplication of H determines a surjective Hopf 
algebra map D(H^) — )• Hr. 

A quasitriangular Hopf algebra {H, R) is called factorizable if the map 
^R : H* — 7- is an isomorphism, where 

(2.7) ^r{p)=p{Q^^'^)Q^^\ P&H*; 

here, Q = Q^^) Q^^) ^ ^^li? e H H 

If on the other hand ^r = el (or equivalently, R21R = IfS"!), then {H,R) 
is called triangular. Finite dimensional triangular Hopf algebras were com- 
pletely classified in ji6j. In particular, if {H,R) is a semisimple quasitrian- 
gular Hopf algebra, then H is isomorphic, as a Hopf algebra, to a twisting 
{kCY of some finite group G. 

It is well-known that the Drinfeld double {D{H),1Z) is indeed a factori- 
zable quasitriangular Hopf algebra. We have D{H)+ = H, D{H)^ = H*^°^ . 

We shall use later on in this paper the following result about factorizable 
Hopf algebras. A categorical version is established in |llj . 

Theorem 2.5. [33^ Theorem 2.3]. Let (H, R) be a factorizable Hopf algebra. 
Then the map ^r induces an isomorphism of groups G{H*) G{H)r\Z{H). 

Note that we may identify G{D{H)) = G{H*) x G{H). Under this 
identification. Theorem 12.51 gives us a group isomorphism G{D{H)*) — ?> 
G{D{H)) n Z{D{H)), such that g#f ^ f#g. See also [30j. 

In particular, if / = e, then g € G{H) n Z{H), and also if g = 1, then 
/ G G{H*)nZ{H*). 

Suppose {H, R) is a finite dimensional quasitriangular Hopf algebra, and 
let D{H) be the Drinfeld double of H. Then there is a surjective Hopf 
algebra map / : D[H) H, such that (/ (8) f)TZ = R. The map / is 
determined by f{p ® h) = fR{p)h, for all p G H* , h G H. 

This corresponds to the canonical inclusion of the braided tensor category 
HepH (with braiding determined by the action of the i?-matrix) into its 
center. 

In particular, in the case where H is quasitriangular, the group G{H*) 
can be identified with a subgroup of G{D{H)*). 
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3. NiLPOTENCY 

Let G be a finite group. A G-grading of a fusion category C is a decom- 
position of C as a direct sum of full abelian subcategories C = (Bg^cCg-, such 
that C*g = Cg-i and the tensor product ® : C yi C ^ C maps Cg x Ch to Cgh- 
The neutral component Cg is thus a fusion subcategory of C. 

The grading is called faithful if Cg / 0, for all g £ G. In this case, C is 
called a G-extension of Ce [1]. 

The following proposition is a consequence of |1H Theorem 3.8]. 

Proposition 3.1. Let C = Rep-ff, where H is a semisimple Hopf algebra. 
Then a faithful G-grading on C corresponds to a central exact sequence of 
Hopf algebras k^k'^^H^H^k, such that Rep H = Ce- 

Let C be a fusion category and let C^a be the adjoint subcategory of C. 
That is, Cad is the fusion subcategory of C generated hy X ® X* , where X 
runs through the simple objects of C. 

It is shown in [llj that there is a canonical faithful grading on C: C = 
®geU{C)Cg^ called the universal grading, such that Ce = Cad- The group {7(C) 
is called the universal grading group of C. 

In the case where C = Rep H, for a semisimple Hopf algebra H, K = k^^^^ 
is the maximal central Hopf subalgebra of H and Cad = Rep H/ HK~^ 
Theorem 3.8]. 

Recall from |1H [8] that a fusion category C is called (cyclically) nilpotent 
if there is a sequence of fusion categories 

Co = Vec,Ci, ... ,Cn = C 

and a sequence Gi , . . . , G„ of finite (cyclic) groups such that Cj is faithfully 
graded by Gi with trivial component Cj_i. 

The semisimple Hopf algebra H is called nilpotent if the fusion category 
RepiJ is nilpotent |1H Definition 4.4]. 

For instance, if G is a finite group, then the dual group algebra k^ is 
always nilpotent. However, the group algebra kG is nilpotent if and only if 
the group G is nilpotent [HI Remark 4.7. (1)]. 

3.1. Nilpotency of an abelian extension. It is shown in [101 Corollary 
4.3] that a group-theoretical fusion category C(G, oj, F, a) is nilpotent if and 
only if the normal closure of F in G is nilpotent. On the other hand, this 
happens if and only if F is nilpotent and subnormal in G, if and only if 
F C Fit(G), where Fit(G) is the Fitting subgroup of G, that is, the unique 
largest normal nilpotent subgroup of G Subsection 2.3]. 
Combined with Remark 12.41 this implies: 

Proposition 3.2. Let k ^ k^ ^ H ^ kF k be an abelian exact sequence 
and let G = F \xiT be the associated factorizable group. Then H is nilpotent 
if and only if F Q Fit(G). 
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An abelian exact sequence ()2.5p is called central if the image of is 
a central Hopf subalgebra of H. It is called cocentral, if the dual exact 
sequence is central. 

The following facts are well-known: 

Lemma 3.3. Consider an abelian exact sequence (|2.5p . Then we have: 

(i) The sequence is central if and only if the action <]: T x F ^ T is 
trivial. In this case, the group G = F ixi T is a semidirect product 
G ~ F XI r with respect to the action \>: T x F ^ F . 

(ii) The sequence is cocentral if and only if the action \>: T x F ^ F is 
trivial. In this case, the group G = F txi T is a semidirect product 
G ~ -F >< r with respect to the action <}: T x F ^ T . □ 

Remark 3.4. Assume the exact sequence (|2.5p is central. Then F is a normal 
subgroup of G. It follows from Proposition 13.21 that H is nilpotent if and 
only if F is nilpotent. 

4. On THE NILPOTENCY OF A CLASS OF SEMISIMPLE HOPF ALGEBRAS 

Let p be a prime number. We shall consider in this subsection a nontrivial 
semisimple Hopf algebra H fitting into an abelian exact sequence 

(4.1) k ^ k^p ^ H ^ kF ^ k. 

The main result of this subsection is Proposition 14.31 below. 

We first have the following lemma. 

Suppose that C is any group-theoretical fusion category of the form C = 
C{G,io,Zp,a) (Note that we may assume that a = 1.) In particular, p 
divides the order of G{C). We also have c. d.(C) C by Corollary 12.21 

Lemma 4.1. Let C = C{G,ui,Zp,a). Assume that \G{C)\ = p. Then G is a 
Frohenius group with Frohenius complement TLp. 

Proof. The description of the irreducible representations of C in Subsection 
12.41 combined with the assumption that |G(C)| = p, implies that gZpg~^ n 
Zp = {e}, for all g € G\'Lp. (In particular, the action of on TL^G has no 
fixed points s / e.) 

This condition says that G is a Frohenius group with Frohenius comple- 
ment Zp, as claimed. □ 

Remark 4.2. Let G be a Frohenius group with Frohenius complement Zp, as 
in Lemma [4. II By Frohenius' Theorem we have that the Frohenius kernel 
is a normal subgroup of G, such that G is a semidirect product G = N x Zp. 
Moreover, is a nilpotent group, by a theorem of Thompson. See [321 
Theorem 10.5.6], |12( Theorem (7.2)]. In fact, the Frohenius kernel A^ is 
equal to Fit(G), the Fitting subgroup of G [32l Exercise 10.5.8]. 

As a consequence we get the following: 
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Proposition 4.3. Consider the abelian exact sequence ()4.ip and assume 
that \G{H)\ = p. Then we have: 

(i) The sequence is central, that is, G{H) C Z{H). 

(ii) G = F ixi Zp is a Frobenius group with kernel F. In particular, F is 
nilpotent. 

Proof. We follow the lines of the proof of ^13^ Proposition X.7 (i)]. Consider 
the matched pair {F,Zp) associated to (j4.ip . as in Subsection (I2.5p . Let 
G = F [X] Zp be the corresponding factorizable group. 

We have an equivalence of fusion categories Kep H* ~ C(G, w, Zp, 1), 
see Remark 12.41 Then Rep H* is group-theoretical and by assumption, 
G(Rep H*) is of order p. By Lemma [4. !( G is a Frobenius group with Frobe- 
nius complement Zp. Therefore G is a semidirect product G = A^xZp, where 
N = Fit(G) is a nilpotent subgroup (see Remark 14. 2p . 

Since \G{H)\ = p, then the action of Zp on F has no fixed points. It 
follows, after decomposing F as a disjoint union of Zp-orbits, that \F\ = 
1 (mod p). In particular, \F\ is not divisible by p. Then F must map trivially 
under the canonical projection G G/N, that is, F C N. Hence F = N, 
because they have the same order. This shows (ii). Since F is normal in G, 
we get (i) in view of Lemma 13.31 □ 

Corollary 4.4. Let k — )• k'^p H ^ kF k he an abelian exact sequence 
such that \G{H)\ = p. Then H is nilpotent. 

Proof. It follows from Proposition 14.31 in view of Remark 13.41 □ 

Remark 4.5. In view of [13\ Theorem IX. 8 (iii)], if is a Kac algebra with 
c.d.{H*) = and \G{H)\ = p, then H is a central abelian extension 

associated to an action of the cyclic group of order p on a nilpotent group. 
It follows from Corollary 14.41 that H is a nilpotent Hopf algebra. 

Remark 4.6. Note that the (dual) assumption that c.d.{H) = {l,p} does 
not imply that H is nilpotent in general. For example, take H to be the 
group algebra of a nonabelian semidirect product F xi Zp, where F is an 
abelian group such that (|F|,p) = 1. 

On the other hand, the assumption on \G{H) \ in Corollarv 14.41 and Propo- 
sition lTSl is essential. Namely, for all prime number p, there exist semisimple 
Hopf algebras H with c.d.{H*) = {l,p} and such that H is not nilpotent. 

To see an example, consider a group F with an automorphism of order 
p and suppose F is not nilpotent (take for instance -F = S„, a symmetric 
group, such that n > 6 is sufficiently large). Consider the corresponding 
action of Zp on F by group automorphisms and let G = F xi Zp be the 
semidirect product. 

Then there is an associated (split) abelian exact sequence k — ?> k^^ — ?> 
H kF k, such that H is not commutative and not cocommutative. 
Moreover, in view of Remark 12.21 c.d.{H*) = {l,p}. But, by Remark 13.4^ 
H is not nilpotent, because F is not nilpotent by assumption. 
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4.1. Reduction to abelian extensions from character degrees. In 

this subsection we consider the case where c. d.{H) = {l,p} for some prime 
p and \G{H*) \ = p. We treat the problem of deducing an abelian extension 
like (14. ip from this assumption. 

It is known, for instance, that if p = 2, then the assumption implies that 
H is cocommutative [2, Proposition 6.8], [13, Corollary IX. 9]. 

Lemma 4.7. Suppose that c.d.{H*) = {l,p} for some prime p. Then 
H/{kG{H))^H is a cocommutative coalgehra. 

Proof. Let x be an irreducible character of degree p. We have that 

XX* = E ^- 

g&G[x] degA=p 

So p||G[x]l- Therefore \G[x\\ is either p = degx or p^, because it divides 
(degx)^- 

Moreover, since x = 9X foi' all g € G[x\, we have ^[xlC = C, where G is 
the simple subcoalgebra of H containing x- Then it follows from |241 Remark 
3.2.7] that C/{kG[x\)'^G is a cocommutative coalgebra (indeed, \G[x\ \ is ei- 
ther p = degx or p^, but in the last case, C/{kG[x\)'^G is one-dimensional, 
hence also cocommutative). Then H/{kG{H))^ H is a cocommutative coal- 
gebra, by [21 Corollary 3.3.2]. □ 

4.2. Results for the type {l,p;p, n). Let p be a prime number. Along this 
subsection H will be a semisimple Hopf algebra such that c. d.{H) = {l,p} 
and \G{H*)\ = p. So that H is of type {l,p;p,n) as an algebra. 

Proposition 4.8. Suppose that p divides \G{H)\. Then G{H*) C Z{H*) 
and H* is nilpotent. 

Proof. By assumption, there is a subgroup G of G{H) with \G\ = p (i.e. 
G ~ Zp) and the Hopf algebra inclusion kG — > H induces the following 
sequence: 

kG{H*) ^H* ^ kG, 
with vr surjective. By [JH Lemma 4.1.9], setting A = kG{H*) and B = 
kG, we have that vr o i : kG{H*) — > kG is an isomorphism and H* ~ 
R#kG{H*) ~ R^^Ijp is a biproduct, where R = (if*)co7r semisimple 
braided Hopf algebra over Zp. The coalgebra R is cocommutative, by Lemma 
([32]), because R ~ H* / H*kG{H*)~^ as coalgebras. Since l + np = dimi? 
then by |36[ Proposition 7.2], R is trivial. Therefore, by |24[ Proposition 
4.6.1], H* fits into an abelian central exact sequence 

k ^ kZp ^ H* ^ R ^ k. 

Now, since the extension is abelian, there is a group F such that R ~ kF. 
It follows from Corollary 14.41 that H* is nilpotent. □ 

Proposition 4.9. Suppose H is quasitriangular. Then G{H*) C Z{H*) 
and H* is nilpotent. 
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Proof. Consider the Drinfeld double D(H). Since H is quasitriangular, 
G{H*) ~ Zp is isomorphic to a subgroup of G{D{H)*). Then G{D{Hf) 
has an element gjj^f of order p. We have that G{D{H)*) ~ G{D{H)) n 
Z{D{H)) C G{D{H)) = G{H*) x see Subsection 

In particular, the element /#5 G G{D{H)) n Z{D(H)) is of order p. If 
g is of order p, then the proposition follows from Proposition 14. 81 Thus we 
may assume that g = 1- Then / E G{H*) n Z(H*) is of order p, implying 
that G{H*) C Z{H*). 

Therefore H* fits into an abelian central exact sequence k k'^p — > 
H* ^ kF ^ k, where F is a finite group such that kF ~ H* / H* {k^p)~^ , 
by Lemma 14. 7i In view of the assumption on the algebra structure of H, 
Corollarv 14.41 implies that H* is nilpotent, as claimed. □ 

4.3. Results for the type [l,p;p,l). We next discuss the case where H 
is of type {l,p;p, 1) as an algebra (not necessarily quasitriangular). In par- 
ticular, dimH = p{p + 1) is even. 

Notice that under this assumption, the category Repi^ is a near-group 
category with fusion rule given by the group G = G{H*) ~ Zp and the 
integer k [35j. 

Let X be the irreducible character of degree p. It follows that X = X* s-^d 
X9 = X = 9X- Then 

X^ = ^ 9 + KX- 

9eG{H*) 

Taking degrees in the equation above we obtain p'^ = p + up, which means 
that K = p — 1. 

We shall use the following proposition. A more general statement will be 
proved in Theorem 16.21 

Proposition 4.10. Suppose H is of type {l,p;p, 1) as an algebra. Then one 
of the following holds: 

(\) p = 2 and H ~ k'B^, or 

ill) p = 2° - ]Q, and d\m.H = 2>. 

In particular, H is solvable. 

Proof. By [35, Theorem 1.2], it follows that G{H*) ~ Zqa_i, for some prime 
q and a > 1. Therefore p = q°' — 1. li q > 2, then p = 2, which implies 
H ~ /cSa is cocommutative. If g = 2, then p has the particular expression 
p = 2" - 1. 

Hence dim if equals 6 or p{p+l) = 2°'p. By Burnside's theorem for fusion 
categories [8, Theorem 1.6], H is solvable. □ 

Remark 4.11. Let p be a prime number such that p = 2" — 1, as in Propo- 
sition 14.101 Consider the affine group N of the field , that is, N is the 
semidirect product ¥2^ xi F^L with respect to the natural action of F^L on 



Such a prime number is called a Mersenne prime, in particular a must be prime. 
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. Then the group N has the prescribed algebra type (see [351 Subsection 
4.1]). 

Furthermore, suppose p is (any) prime number, and A'^ is a group whose 
group algebra has algebra type (l,p;p, 1). Then N has order p{p + 1) and 
it follows from the main result of ^4] that either p = 2 and A'^ ~ S3 or 
p = 2" - 1, a > 1, and ~ Fs^ x F^,. 

Proposition 4.12. Let H be a semisimple Hopf algebra of type {l,p;p, 1) 
as an algebra. Then G{H*) C Z(H*) and H* is nilpotent. 

Proof. We have just proved in Proposition 14.101 that under this hypothesis 
H is solvable. Since lHep D{H) ~ Z{Kep H), then D{H) is also solvable [U 
Proposition 4.5 (i)]. 

By [HI Proposition 4.5 (iv)], D{H) has nontrivial representations of di- 
mension 1, that is, \G{D{HY)\ / 1. We have that G{D{H)*) ~ G{D{H))n 
Z{D{H)) C G{D{H)) = G{H*) x G{H)] see Subsection [Ml 

We next argue as in the proof of Proposition 14. 9i Consider an element 
1 / /#5 G G{D{H)) n Z{D{H)). If / = 1, then 1 / 5 G Z{H) n G{H). 
Therefore, H* fits into a cocentral extension k ^ K ^ H* — >■ A;^^^ — )• k, 
where K proper normal Hopf subalgebra. The assumption on the algebra 
structure of H implies that K = kG{H*). Thus kG{H*) is normal in H* , 
and the extension is abelian, by Lemma [4.71 The proposition follows in this 
case from Proposition 14.31 (i) and Corollary 14. 4i 

Thus we may assume that / 7^ 1. In particular, / has order p. 

If I/I = \g\=p= \G{H*)l we have that p\\G{H)\. Then G{H*) C Z{H*) 
and H* is nilpotent, by Proposition 14. 8i 

Otherwise, take 1^1 = n, with p ^ n. li f^ = 1, then p divides n and thus 
p divides \G{H)\. As before, we are done by Proposition 14. 8i 

If /" / 1, then /"#1 = Wi^g'') = {f#gT & Z{D{H)), which implies 
that /" 7^ 1 is central in H* and thus G{H*) C Z{H*). 

Therefore H* fits into an abelian central exact sequence k — > k'^p — > 
H* ^ kF ^ k, where F is a finite group such that kF ~ H* / H* {k^p)~^ , 
by Lemma 14.71 In view of the assumption on the algebra structure of H, 
Corollary 14.41 implies that H* is nilpotent, as claimed. □ 

Theorem 4.13. Let H be a semisimple Hopf algebra of type {l,p,p, 1) as an 
algebra. Then either p = 2 and H ~ kS-^, or H is isomorphic to a twisting 
of the group algebra kN , where p = 2°^ — 1, a > 1, and N is the affine group 
of the field F2<i . 

Proof, lip = 2, then dimH = 6 and the result follows from [15j. So suppose 
that p is odd. By Propositions 14. 12l and l4?T0l H* fits into an abelian central 
exact sequence k — t- k'^p H* kF — )■ k, where -F is a finite group of 
order p + 1 = 2°^. Then the action <: Zp x F — > Zp is trivial, while the 
action > : Zp x F — )• F is determined by an automorphism ip £ Aut F of 
order p = 2° — 1. 
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We first claim that the group F must be abelian. By a result of P. Hall 
[32l 5.3.3], since F is a 2-group, the order of Aut-F divides the number 
n2^°'~^^^ , where n = \ GL(r, 2)| and 2^ equals the index in F of the Frattini 
subgroup Frat(-F) (which is defined as the intersection of all the maximal 
subgroups of F [32j pp. 135]). In particular, we have r < a. 

Since the order of (p divides the order of AutF and | GL(r, 2)| = (2^ — 
1)(2'' - 2) ... (2*^ - 2'-^), it follows that the prime p = 2" - 1 divides 2'' - 1, 
which means that r = a and, therefore, Frat(-F) = 1. 

Since F is nilpotent (because it is a 2-group), a result of Wielandt [32l 
5.2.16] implies that [F,F], the commutator subgroup of F, is a subgroup of 
the Frattini subgroup Frat(-F). As we have just shown, we have Frat(-F) = 1 
in this case. Thus [F, F] = 1 and therefore F is abelian, as claimed. 

Consider the split extension Bq = k'^p^kF associated to the matched pair 
(TjpjF). Since F is abelian, Bq (being a central extension) is commutative. 
This means that Bq isomorphic to k'^ , where N = F xi Ijp. 

Notice that |-F| = 2" is relatively prime to p. It follows from [23', Propo- 
sition 5.22] and \n\ Proposition 3.1] that H* is obtained from the split 
extension Bq = k'^p^kF ~ k^ by twisting the multiplication. Indeed, the 
element representing the class of H* in the group Opext(A;i^, k'^p) is the im- 
age of an element of H'^{F,k^) under the map H'^{F,k^) © H^{Zp,k^) ~ 
H^iF, fe^) Opext(A:F, k^p) in the Kac exact sequence [17^ Theorem 1.10]. 
Then the claim follows from \n\ Proposition 3.1]. Dualizing, we get that H 
is a twisting of the group algebra of the gr oup A''. 

Finally, the assumption on the algebra structure of H implies that N is 
one of the claimed groups. See Remark 14.111 □ 

Corollary 4.14. Let H be a semisimple H op f algebra of type {l,p,p,l) as 
an algebra. Then Rep H ~ Rep N, where A^ = S3 or N is the ajfine group 
of the field F2Q, for some a > 1. 

5. Solvability 

Recall from [8] that a fusion category C is called weakly group-theoretical 
if it is Morita equivalent to a nilpotent fusion category. If, furthermore, C is 
Morita equivalent to a cyclically nilpotent fusion category, then C is called 
solvable. 

In other words, C is weakly group-theoretical (solvable) if there exists an 
indecomposable algebra A in C such that the category aCa of 74-bimodules 
in C is a (cyclically) nilpotent fusion category. 

Note that a group-theoretical fusion category is weakly group-theoretical. 
On the other hand, the condition on C being solvable is equivalent to the 
existence of a sequence of fusion categories 



Cq = Vecfc,Ci, . . . ,Cn = C, 



IRREDUCIBLE DEGREES OF FUSION CATEGORIES 



17 



such that Ci is obtained from Cj_i either by a Gj-equivariantization or as 
a Gj-extension, where Gi, . . . , Gn are cychc groups of prime order. See [U 
Proposition 4.4]. 

If G is a finite group and oj G H^{G,k^), we have that the categories 
C{G,uj) and RepG are solvable if and only if G is solvable. 

Let us call a semisimple Hopf algebra H weakly group-theoretical or sol- 
vable, if the category Rep H is weakly group-theoretical or solvable, respec- 
tively. 

5.1. Solvability of an abelian extension. By [8", Proposition 4.5 (i)], 
solvability of a fusion category is preserved under Morita equivalence. There- 
fore, a group-theoretical fusion category C(G, uj, F, a) is solvable if and only 
if the group G is solvable. 

Remark 5.1. As a consequence of the Feit-Thompson theorem [3, we get 
that if the order of G is odd, then C{G,uj, F,a) is solvable. This fact gen- 
eralizes to weakly group-theoretical fusion categories; see Proposition 17.11 
below. 

This implies the following characterization of the solvability of an abelian 
extension: 

Corollary 5.2. Let H is a semisimple Hopf algebra fitting into an abelian 
exact sequence (12. 5p . then H is solvable if and only if G = F \xiV is solvable. 

In particular, if H is solvable, then F and F are solvable. 

A result of Wielandt f38] implies that if the groups F and F are nilpotent, 
then G is solvable. As a consequence, we get the following: 

Corollary 5.3. Suppose F and F are nilpotent. Then H is solvable. 

Then, for instance, the abelian extensions in Proposition 14.31 are solvable. 

Combining Corollarv 15.31 with Lemma l4.ll and Remark 14. 2 1 we get: 

Corollary 5.4. Let C = C{G,io,Zp,a). Assume that \G{C)\ = p. Then C is 
solvable. 

6. Solvability from character degrees 

Let p be a prime number. We study in this section fusion categories C 
such that c.d.(C) = {l,p}. 

It is known that if G is a finite group, then this assumption implies that 
the group G, and thus the category RepG, are solvable [12j . 

Remark 6.1. If H is any semisimple Hopf algebra such that c. d.{H) = {l,p} 
and G is any finite group, then the tensor product Hopf algebra A = H^k^ 
also satisfies that c. d.(^) = {l,p} (since the irreducible modules of A are 
tensor products of irreducible modules of H and k'^). 

But A is not solvable unless G is solvable; indeed, k'^ is a Hopf subalgebra 
as well as a quotient Hopf algebra of A. 
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Our aim in this section is to prove some structural results on C, regarding 
solvability, under additional restrictions. 

The following theorem generalizes Proposition 14. lOl 

Theorem 6.2. Let C be a near-group fusion category such that c.d.(C) = 
Then C is solvable. 

Proof. In the notation of [35j, let the fusion rules of C be given by the pair 
{G, k), where G is the group of invertible objects of C and k is a nonnegative 
integer. Then Irr(C) = G U {m}, with the relation 



The assumption on c. d.(C) implies that FPdimm = p. Hence FPdimC = 
|G| and since \G\ = \G{C)\ divides FPdimC, we get that |G| = p oi p^. 
(Note that taking Frobenius-Perron dimensions in (|6.ip . we get that G ^ 1.) 

If |G| = p^, then k = and C is a Tambara-Yamagami category [37J. 
Furthermore, C is a Z2-extension of a pointed category C{G,uj). Then C is 
solvable in this case, by [8*, Proposition 4.5 (i)]. 

Suppose that |G| = p. Then n = p — 1. As in the proof of Proposition 
I4.10|, using ^35^ Theorem 1.2], we get that FPdimC = p{p + 1) equals 6 or 
p2". Then C is solvable, by [51 Theorem 1.6]. □ 

Our next result is the following theorem, for C = Repff, which is a 
consequence of Proposition 14.91 A stronger version of this result will be 
given in Subsection 17.21 under additional dimension restrictions. 

Theorem 6.3. Suppose H is of type {l,p;p,n) as an algebra. Assume in 
addition that H is quasitriangular. Then H is solvable. 

Proof. We have shown in Proposition 14.91 that H* is nilpotent. Moreover, 
by Lemma 14.71 H fits into an abelian cocentral exact sequence k ^ ^ 
H — )• kljp k, where -F is a nilpotent group. Therefore, H is solvable, by 



In the remaining of this section, we restrict ourselves to the case where 
C = Rep H for a semisimple Hopf algebra H. 

6.1. The case p = 2. Let H he a semisimple Hopf algebra such that 
c.d.{H) C {1,2}. By [2, Theorem 6.4], one of the following possibilities 
holds: 

(i) There is a cocentral abelian exact sequence k ^ k^ ^ H ^ kT ^ k, 
where -F is a finite group and F ~ 7^2^, n > 1, or 

(ii) There is a central exact sequence k^k^^H^B^k, where 
B = -f^ad is a proper Hopf algebra quotient, and U = U(RepH) 
is the universal grading group of the category of finite dimensional 
i^- modules. 

In particular, if H = i^ad, then H satisfies (i). 



(6.1) 




Corollary 15.31 



□ 
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As a consequence of this result we have: 

Theorem 6.4. Let H be a semisimple Hopf algebra such that c.d.{H) C 
{1,2}. Then H is weakly group-theoretical. 

Moreover, if H = Hi^d, then H is group-theoretical. 

Proof. The assumption implies that H satisfies (i) or (ii) above. If H satisfies 
(i), then H is group-theoretical, by Remark 12.41 

Otherwise, H satisfies (ii), and then the category HepH is a [/-extension 
of Rep-B, in view of Proposition 13. li By an inductive argument, we may 
assume that B is weakly group-theoretical (note that c.d.(B) C {1,2}). 
Therefore so is H, by [8, Proposition 4.1]. □ 

We next discuss conditions that guarantee the solvability of H. The 
following result is proved in [2]. 

Proposition 6.5. [2, Proposition 6.8]. Suppose H is of type (l,2;2,n) as 
an algebra. Then H is cocommutative. 

The proposition implies that such a Hopf algebra H is isomorphic to a 
group algebra kG for some finite group G. By the assumption on the algebra 
structure of H, the group G, and then also H, are solvable. 

The next lemma gives a sufficient condition for H to be solvable. 

Lemma 6.6. Suppose c.d.{H) C {1,2} and H = ifad- Then H is solvable 
if and only if the group F in (i) is solvable. 

Proof. Since H = Hg,^, then H satisfies (i). Therefore H is solvable if and 
only if the relevant factorizable group G = F tx] P is solvable, by Corollary 
15.21 Also, since the sequence (i) is cocentral, then G is a semidirect product: 
G = F XI P. This proves the lemma. □ 

Remark 6.7. Suppose that H has a faithful irreducible character x of degree 
2, such that XX* = X*X- Then it follows from p] Theorem 3.5] that H fits 
into a central abelian exact sequence k — > A;^™- —^H-^ kT k, for some 
polyhedral group T of even order and for some m > 1. In particular, since 
c.d.{H) = {1,2}, then T is necessarily cyclic or dihedral (see, for instance, 
[21 pp. 10] for a description of the polyhedral groups and their character 
degrees). Therefore H is solvable in this case. 

The assumption on x is satisfied in the case where H is quasitriangular; so 
that the conclusion holds in this case. We shall show in the next subsection 
that every quasitriangular semisimple Hopf algebra with c. d.{H) C {1, 2} is 
also solvable. 

We next prove some lemmas that will be useful in the next subsection. 

Lemma 6.8. Suppose c.d.{H) C {1,2} and let K be a Hopf subalgebra or 
quotient Hopf algebra of H . Then c. d.(K) C {1, 2}. 

Proof. We only need to show the claim when K Q H is a Hopf subalgebra. 
In this case, the statement follows from surjectivity of the restriction functor 
RepH^RepK. □ 
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The lemma has the following immediate consequence: 

Corollary 6.9. Ifc.d.{H) C {1,2}, then the group G{H) is solvable. 

Lemma 6.10. Suppose c. d.{H),c. d.{H*) C {1,2}. Then H is solvable. 

Proof. By induction on the dimension of H. 

Consider the universal grading group U of the category Rep H. Then 
H* kU is a quotient Hopf algebra and therefore c.d.{U) C {1,2}, by 
Lemma 16.81 This implies that the group U is solvable. 

Suppose first ffad 7^ H. In view of Lemma [6^ we also have c. d.(i?ad), 
c.d.(ff*j) C {1,2}. By the inductive assumption iJ^d is solvable. By [8l 
Proposition 4.5 (i)], H is solvable, since HepH is a [/-extension of Repffad- 

It remains to consider the case where //ad = H. As pointed out at the 
beginning of this subsection, it follows from [2, Theorem 6.4] that in this 
case H satisfies condition (i), that is, H fits into a cocentral abelian exact 
sequence k ^ ^ H ^ kF ^ k, with |r| > 1 and F abelian. 

In particular, k^ C H* is a nontrivial central Hopf subalgebra, implying 
that H* / H*^. The inductive assumption implies, as before, that H*^ and 
thus also H* is solvable. Then H also is. This finishes the proof of the 
lemma. □ 

6.2. The quasitriangular case. We shall assume in this subsection that 
H is quasitriangular. Let R ^ H®H he an i?-matrix. We keep the notation 
in Subsection 12.61 

Remark 6.11. Notice that, since the category Rep// is braided, then the 
universal grading group U = [/(Rep H) is abelian (and in particular, sol- 
vable) . 

The following is the main result of this subsection. 

Theorem 6.12. Let H be a quasitriangular semisimple Hopf algebra such 
that c.d.{H) C {1,2}. Then H is solvable. 

Proof. If c.d.{H) = {1}, then H is commutative and, because it is quasi- 
triangular, isomorphic to the group algebra of an abelian group. Hence we 
may assume that c.d.{H) = {1,2}. 

Consider the Hopf subalgebras H^,H- C H. By Lemma l6.8t we have 
c.d.(//+), c.d.{H_) C {1,2}. Then c.d.{H_),c.d.{H*_) C {1,2}, since 
(i/* )™P ~ H+. 

By Lemma 16.101 is solvable. Therefore the Drinfeld double D{H^) 
and its homomorphic image Hji are also solvable. 
We may thus assume that C H. 

Observe that, being a quotient of H, H^,^ is also quasitriangular and 
satisfies c.d.(//ad) ^ {li^}. Hence, by induction, we may also assume that 
H = i/ad) and in particular, G{H) n Z{H) = 1. Indeed, Repi/ is a U- 
extension of Rep i?ad and the group U is abelian, as pointed out before. 
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Therefore H fits into a cocentral abelian exact sequence 
kT ^ k, wliere 1 7^ F is elementary abelian of exponent 2. 

In view of Lemma 16.61 it will be enough to show that the group F is 
solvable. 

We have f C G{H*) n Z{H*). By [29l Proposition 3], fR^,{G{H*) n 
Z{H*)) C G{H)nZ{H). Hence we may assume that //j^i If ~ -'^ similarly 
= 1. Thus fji, /ij2i factorize through the quotient H* / H* (kT)^ ~ kF. 

Therefore i/+ = /^{H*) and H- = fR^-^{H*) are cocommutative. (Then 
they are also commutative, since ~ i^il™^.) In particular, Hn = Hj^H^ 
is cocommutative. Hence ^ii{H*) C H^i C kG{H). 

By |22l Theorem 4.11], K = ^r{H*) is a commutative (and cocommu- 
tative) normal Hopf subalgebra, which is necessarily solvable, since Hji is. 
In addition, <I>/j(ff*) ~ kT, where T C G{H) is an abelian subgroup ( \22\ 
Example 2.1]), and there is an exact sequence of Hopf algebras 

k ^ kT ^ H k, 

where H is a certain (canonical) triangular Hopf algebra. 

Since H is triangular, then H ~ [khY , is a twisting of the group algebra 
of some finite group L. Because c.d.(L) = c.d.{H) C {1,2}, L must be 
solvable. Hence H is solvable, since Rep H ~ Rep L. 

The map ir : H ^ H induces, by restriction to the Hopf subalgebra 
k^ Q H, an exact sequence 

k^kTnk^ ^k^ Tr{k^) k. 

We have kT nk^ = k^ and Tr{k^) = k^ , where F and S are a quotient and 
a subgroup of F, respectively, in such a way that the exact sequence above 
corresponds to an exact sequence of groups 

l^^^F^F^l. 

Now, F is abelian, because k^ = kT n k^ is cocommutative, and S is 
solvable, because k^ is a Hopf subalgebra of H. Therefore F is solvable. 
This implies that H is solvable and finishes the proof of the theorem. □ 

7. Odd dimensional fusion categories 

Along this section, p will be a prime number. Let C be a fusion category 
over k. Recall that the set of irreducible degrees of C was defined as 

c. d.(C) = {FPdim j;| x E IrrC}. 

The fusion categories that we shall consider in this section are all inte- 
gral, that is, the Frobenius-Perron dimensions of objects of C are (natural) 
integers. By |7l Theorem 8.33], C is isomorphic to the category of represen- 
tations of some finite dimensional semisimple quasi-Hopf algebra. 
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7.1. Odd dimensional weakly group-theoretical fusion categories. 

The foUowing result is a consequence of the Feit-Thompson theorem [9]. 

Proposition 7.1. Let C be a weakly group-theoretical fusion category and 
assume that FPdimC is an odd integer. Then C is solvable. 

Note that since FPdimC is an odd integer, the fusion category C is inte- 
gral. See [51 Corohary 2.22]. 

Proof. By definition, C is Morita equivalent to a nilpotent fusion category. 
Then, by [H Proposition 4.5 (i)], it will be enough to show that a nilpotent 
fusion category of odd Frobenius-Perron dimension is solvable. So, assume 
that C is nilpotent, so that C is a G-extension of a fusion subcategory C, 
with |G| > 1. In particular, FPdimC = |G| FPdimC. Hence the order of 
G and FPdimC are odd and FPdimC < FPdimC. The theorem follows 
by induction, since by the Feit-Thompson theorem, G is solvable. See [U 
Proposition 4.5 (i)]. □ 

7.2. Braided fusion categories. We shall need the following lemma whose 
proof is contained in the proof of [HI Proposition 6.2 (i)]. We include a sketch 
of the argument for the sake of completeness. 

Lemma 7.2. Let C be a fusion category and let G be a finite group acting 
on C by tensor autoequivalences. Assume c. d.{C^) C {p™ : m> 0}, where 
p is a prime number. Then c. d.(C) C {p™ : m > 0}. 

Proof. Regard C as an indecomposable module category over itself via tensor 
product, and similarly for C^. Let y be a simple object of C. Since the 
forgetful functor F : C*^ — )• C is surjective, y is a simple constituent of 
F{X), for some simple object X of . 

Since F is a tensor functor, we have FPdimX = FPdimF(X). By For- 
mula (7) in [HI Proof of Proposition 6.2], 



where Gy ^ G is the stabilizer of Y and vr is an irreducible representation 
of Gy associated to X. Therefore FPdimy divides FPdimX. 

The assumption on C*^ implies that FPdimX is a power of p. Then so is 



Theorem 7.3. Let C be braided fusion category such that c. d.(C) C {p™ : 
m > 0}, where p is a prime number. Assume that FPdimC is odd. Then C 
is solvable. 

Proof. By induction on FPdimC. (Notice that the Frobenius-Perron dimen- 
sion of a fusion subcategory of C divides the dimension of C [Tj Proposition 
8.15], and the same is true for the Frobenius-Perron dimension of a fusion 
category T> such that there exists a surjective tensor functor C — )■ P [3 
Corollary 8.11]. Thus these fusion categories are odd-dimensional as well.) 
If c.d.(C) = {1}, then C is pointed. Then C ~ C(G, cu) for some abelian 



(7.1) 



FPdim(X) = deg(7r)[G : Gy] PPdimF, 



FPdimy. This proves the lemma. 



□ 
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group G and some 3-cocycle u on G. Then C is solvable, by [HI Proposition 
4.5 (ii)]. 

Suppose next that C is not pointed. Then all non-invertible objects in C 
have Frobenius- Perron dimension p"^, for some m > 1. Consider the group 
G{C) of invertible objects of C. Then G{C) is abelian and G{C) / 1, as 
follows by taking Frobenius-Perron dimensions in a decomposition of the 
tensor product X (8) X* , for some simple non-invertible object X. 

Let us regard C as a premodular fusion category with respect to its cano- 
nical spherical structure (as FPdimC is an integer). Then C is modularizable, 
in view of [U Lemma 7.2]. 

Let C be its modularization, which is a modular category over k. Then 
C is an equivariantization C ~ with respect to the action of a certain 
group G on C [3]. (Indeed, the modularization functor C ^ C gives rise to 
an exact sequence of fusion categories RepG C ^ C, which comes from 
an equivariantization; see [H Example 5.33].) 

By construction of G, the category Rep G is the (tannakian) fusion sub- 
category of transparent objects in C. Therefore there is an embedding of 
braided fusion categories RepG C C. In particular, the order of G is odd, 
implying that G is solvable. 

By Lemma 17.21 c. d.(C) C {p™ : m > 0}. Then, by induction, and since 
an equivariantization of a solvable fusion category under the action of a 
solvable group is again solvable, we may and shall assume in what follows 
that C = C is modular. 

It is shown in [Jjj, Theorem 6.2] that the universal grading group U{C) 

is (abelian and) isomorphic to the group G(C) of characters of G{C). In 
particular, U{C) ^ 1. On the other hand, C is a C/(C) -extension of its fusion 
subcategory Cad- Since also c.d.(Cad) ^ {p™ : > 0}, then Cad is solvable, 
by induction. Therefore C is solvable, as claimed. □ 
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